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This volume contains the abstracts of the papers presented at the Interna-
tional Conference on Numerical Methods for Hyperbolic Equations: Theory
and Applications held in the Faculty of Mathematics of the University of
Santiago de Compostela, Spain, from 4th to 8th July 2011. The conference
was organized to honour Professor Toro in the month of his 65th birthday.

We would like to address our warmest thanks to the invited speakers:
Juan Cheng (Institute of Applied Physics and Computational Mathematics,
China), Frédéric Coquel (UPMC Paris 06, CNRS, France), James Glimm
(University of Stony Brook, USA), José María Ibañez (Department of As-
tronomy and Astrophysics University of Valencia, Spain), Philippe LeFloch
(University of Paris 6, France), Amable Liñan (Polytechnical University of
Madrid, Spain), Alfio Quarteroni (Swiss Federal Institute of Technology, Lau-
sanne, Switzerland), Philip L. Roe (University of Michigan, USA), Eleuterio
Francisco Toro (University of Trento, Italy) and Chi-Wang Shu (Brown Uni-
versity, USA).

More than 70 abstracts were accepted for presentation at the following
minisymposia:

Recent advances in the numerical computation of environmental con-
servation laws with source terms.

Multiphase flow and porous media.

Numerical methods in astrophysics.

Seismology and geophysics modelling.

Finite volume and discontinous Galerkin schemes for stiff source term
problems.

Methods and models for biomedical problems.

and parallel sessions:

High order methods for hyperbolic conservation laws.

Numerical methods for reactive flows and acoustics.

Shallow water flows.

We think that all contributions are a valuable state of the art of the most
recent research in the topic of numerical methods for hyperbolic equations
providing the reader with the latest developments concerning the mathemat-
ical aspects and the applications of this active field of mathematics.

We would like to thank all the participants for the attendance and for
their valuable contributions. Special thanks to the minisymposium organi-
zares who made a large contribution to the conference.
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Finally, the editors gratefully acknowledge the work of the Scientific Com-
mittee of the Conference and the financial support of the following Spanish
organisations, which are the official sponsors of both the International Con-
ference and the previous Short Course:

CESGA (The Supercomputing Center of Galicia)

i-MATH (Ingenio MATHEMATICA, nodo CESGA)

Ministry of Science and Innovation of the Government of Spain

Red Mathematica Consulting & Computing de Galicia

RSME (The Royal Spanish Mathematical Society)

SEMA (Spanish Society of Applied Mathematics)

Santander Bank

Springer

USC (University of Santiago de Compostela)

Xacobeo Galicia

A. Bermúdez, L. Cea and E. Vázquez-Cendón

Santiago de Compostela, Spain, July 2011
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Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

On the design of conservative, accurate and
symmetrical cell-centered Lagrangian schemes in 2D
cylindrical coordinates for compressible fluid flows

Juan Cheng1

Abstract The Lagrangian method is widely used in many fields for multi-material
flow simulations due to its distinguished advantage in capturing material interfaces
automatically. In this talk, we present our recent research on the design of the cell-
centered control volume Lagrangian schemes for solving Euler equations of compress-
ible gas dynamics which can keep a few desirable properties such as conservation,
spherical symmetry and non-oscillatory behavior in two-dimensional cylindrical co-
ordinates. The schemes can preserve one-dimensional spherical symmetry in a two-
dimensional cylindrical geometry when computed on an equal-angle-zoned initial grid.
Unlike many previous area weighted schemes that possess the spherical symmetry
property, our schemes are discretized on the true volume and they can preserve the
conservation property for all the conserved variables including density, momentum
and total energy. Several two dimensional numerical examples in cylindrical coor-
dinates are presented to demonstrate the performance of the schemes in terms of
symmetry, accuracy and non-oscillatory properties.

This is a joint work with Chi-Wang Shu.

Keywords: Lagrangian scheme, Symmetry preservation, Conservative, Compress-
ible flow, 2D cylindrical coordinates

References

[1] J. Cheng and C.-W. Shu. A cell-centered Lagrangian scheme with the preser-
vation of symmetry and conservation properties for compressible fluid flows in
two-dimensional cylindrical geometry. Journal of Computational Physics 229(19),
7191-7206, 2010.

[2] J. Cheng and C.-W. Shu. Improvement on spherical symmetry in two-
dimensional cylindrical coordinates for a class of control volume Lagrangian
schemes. Communications in Computational Physics, to appear.

1Institute of Applied Physics and Computational Mathematics,
P.O. Box 8009-14, Beijing 100088, China.
cheng juan@iapcm.ac.cn
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Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

New Trends in Hyperbolic Problems in the Industry

Frédéric Coquel1

Invited speaker

Abstract The present lecture gives an overview of some results obtained by the au-
thor with various collaborators on the mathematical coupling of nonlinear hyperbolic
PDEs. Such an issue is motivated by the modeling of complex industrial setups under
the form of a partition of components. The partition under consideration results from
the fact that the phenomena taking place in a given component can be characterized
by a typical range of physical time and space scales. To the resulting hierarchy of
characteristic scales is associated a corresponding hierarchy of PDEs models that are
naturally arranged from the coarsest to the nest ones according to the characteristic
scales they are supposed to resolve. The large size of the complete device generally
prevents from modeling each component using the finest model, the CPU effort would
be indeed too large. The simulation of the whole operating system therefore requires
to solve a Cauchy problem for a collection of hyperbolic PDEs formulated on a given
partition of the physical domain, separated by interfaces at which transient exchange
conditions have to be prescribed. For simplicity, we will only address the case of given
fixed interfaces, whose locations are decided ab initio by the user.

We will present two complementary mathematical formalisms for handling the
coupling of hyperbolic systems. Each supports the property that it is possible to
prescribe infinitely many distinct coupling conditions. The first framework relies on
the use of infinitely thin interfaces that allows to model the coupling on the ground
of coupled boundary conditions. Such conditions are formulated so as to promote
some continuity properties for the unknown across the coupling interface, the choice
of which is left to the user. Importantly, resonance phenomena may occur at the
expense of loosing the expected continuity properties and generally yields multiple
discontinuous solutions. This rises the natural question of designing suitable selec-
tion criteria.

The second framework intends to tackle this issue. Roughly speaking, it consists
in modeling the existence of the coupling interfaces under the form of standing waves
for an augmented PDEs model which is set over the entire physical domain. Each
standing wave is designed so as to exhibit a complete set of Riemann invariants
(away from resonance) in agreement with the expected continuity properties in the
coupled solution. The coupling problem thus takes the form of a standard Cauchy
problem which can in turn support various regularization mechanisms. In a single
space dimension, we adopt the viscous regularization à la Dafermos. Existence of
self-similar weak solutions for the coupling of two hyperbolic systems can be obtained
under fairly general conditions. However, in the limit of a vanishing viscosity, the

14



lack of uniqueness of resonant solutions can be still observed. We will explain in
which sense multiplicity in the resonant solutions sounds natural. This will naturally
lead us to promote another regularization mechanism based on thickened coupling
interfaces resulting from the use of smooth transition profiles in between two domains.
The proposed framework naturally allows for the definition of multidimensional and
multicomponent couplings with possible recovering. Within this frame, existence and
uniqueness of the coupled solution is proved in the setting of scalar conservations laws
thanks to a convenient well-balanced finite volume strategy in several space variables.
Numerical illustrations will be given all along the course of the lecture.

1Centre de Mathématiques Appliquées,
Ecole Polytechnique and INSMI-CNRS,
France
frederic.coquel@cmap.polytechnique.fr
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Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

Mathematical Theories of existence for 3D
conservation laws and the nature of convergence in

the large eddy simulation regime.

James Glimm1

Keywords: 3D Conservation Laws, Convergence Large Eddy Simulations J. Glimm

Invited speaker

Abstract The Euler equations are fundamental as a model for simulations of Navier-
Stokes turbulence in the high Reynolds number regime. Practical large eddy simu-
lations (LES) for this regime resolve some but not all of the turbulent length scales.
Existence theories, of necessity incomplete, for the Euler equations, suggest that solu-
tions will not be worse than Young measures. Here we take this possibility seriously,
and examine how this point of view will impact convergence for numerical simulations.

1Applied Mathematics and Statistics
Stony Brook University
Math Tower, Stony Brook, NY 11794
glimm@ams.sunysb.edu
http://www.ams.sunysb.edu/ glimm
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Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

Numerical Relativistic Magnetohydrodynamics in
Dynamical Spacetimes

José Ma. Ibáñez1

Invited speaker

Abstract The most spectacular events in the sky detected by current astronomi-
cal observatories (ground or space-based) involve matter evolving in the presence of
strong gravitational fields. In these astrophysical scenarios, matter can reach veloci-
ties near the speed of light, and the gravitational field (background or generated by
the flow itself) can be so strong that a description in terms of Einstein’s theory of
General Relativity is necessary. Some examples of these scenarios are: the stellar core
collapse (as a mechanism of hydrodynamical supernovae), the relativistic outflows re-
leased from collapsars or from the remnants of coalescing binary neutron stars (as a
models of formation of gamma-ray bursts), the relativistic jets associated with active
galactic nuclei or microquasars, etc. To improve our knowledge of the physical nature
of these energetic phenomena, modern Astrophysics is demanding the development
of robust algorithms and numerical multidimensional rela- tivistic magnetohydrody-
namical (MHD) codes. These codes have to include the coupling to an Einstein solver.
The main goal of this talk is to review the present status of the field of Numerical
Relativity extended to the inclusion of matter fields, i.e., the Numerical Relativistic
MHD in a dynamical space-time. I will summarize the present status of the efforts
in numerically solving Einstein equations in the presence of matter and I will give a
general overview about some of the many astrophysical applications.

1Department of Astronomy and Astrophysics
University of Valencia
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Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

Undercompressible shocks and moving phase
boundaries

Philippe LeFloch1

Invited speaker

Abstract Regularization-sensitive patterns often arise in continuum physics, espe-
cially in complex fluid flows which may contain undercompressive shock waves and
moving phase boundaries. I will discuss solutions to nonlinear hyperbolic systems of
conservation laws in the regime where small-scale effects (like viscosity, capillarity)
turn out to be essential to the selection and propagation of (nonclassical) shocks.
The concept of a kinetic relation provides the proper tool in order to characterize the
dynamics of nonclassical waves; the kinetic relation can be determined by a higher-
order regularization that takes into account additional physics. A general theory of
the kinetic relation has been developed by the author and his collaborators in the
past fifteen years. In the present lecture I will present results about the Riemann
problem and numerical strategies adapted to handle nonclassical shocks.

References

[1] B.T. Hayes and P.G. LeFloch. Nonclassical shocks and kinetic relations. Fi-
nite difference schemes. SIAM J. Numer. Anal. 35 2169–2194, 1998.

[2] P.G. LeFloch. Hyperbolic Systems of Conservation Laws. The theory of classical
and nonclassical shock waves. Lectures in Mathematics, ETH Zurich, Birkhauser,
2002.

[3] P.G. LeFloch and M. Shearer. Nonclassical Riemann solvers with nucleation.
Proc. Royal Soc. Edinburgh 134A, 941–964. 2004.

[4] P.G. LeFloch. Kinetic relations for undercompressive shock waves. Physical,
mathematical, and numerical issues, in “Nonlinear Partial Differential Equa-
tions and Hyperbolic Wave Phenomena”, Contemporary Mathematics, 526, Amer.
Math. Soc., Providence, RI, pp. 237–272, 2010.

[5] P.G. LeFloch and M. Mohamadian. Why many shock wave theories are neces-
sary. Fourth-order models, kinetic functions, and equivalent equations. J. Comput.
Phys. 227, 4162–4189, 2008.

1Laboratoire Jacques-Louis Lions &
Centre National de la Recherche Scientifique
Universit Pierre et Marie Curie (Paris 6)
http://philippelefloch.wordpress.com
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Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

The initiation of detonations in reactive gases

A. Liñán1

Keywords: Overdriven detonations, reactive blast waves, Chapman-Jouguet deto-
nation

Invited speaker

Abstract The presentation will be devoted to the analysis of the initiation, by ex-
ternal, concentrated, energy sources in gaseous reactive mixtures, of cylindrical and
spherical self-moving detonation waves.
These waves are led by a shock wave, moving radially outwards at supersonic speeds,
and heating the mixture so that the reaction is ignited behind the shock wave, and
goes to completion in a layer of thickness lr large compared with the thickness of the
shock wave; whose radius coincides with the radius rd(t) of the detonation wave when
we use the reactive blast wave model (corresponding to the limit, ld/rd → 0, of fast
reaction rates).

The energy E0 of the external source defines a characteristic value rc of the det-
onation radius, for which the chemical energy released by the detonation wave is of
the order of E0. For concentrated external energy sources, with a radius rh small
compared wiith rc (and a deposition time th small enough), a strongly heated core,
of radius re(t), is formed; this has a gas density very small compared with the ini-
tial density, a very high temperature and near-uniform pressure. This heated core
pushes the gas, so that it moves outwards with an inviscid radial motion in the re-
gion, re < r < rd, bounded outside by an “overdriven” denotation wave.

The overdriven detonation is reached from behind by expansion waves, represented
by the acoustic characteristics C+, that attenuate the detonation velocity D; in such
a way that at a finite time t0 (after the initiation of the external heating), when the
detonation radius is rd = r0 (of the order of rc) the detonation velocity has decreased
to the Chapman-Jouguet valued DCJ .

For t > t0 the detonation surface, moving with the constant velocity DCJ , is no
longer reached by any of the characteristics (the three characteristics originate at the
detonation and are left behind the front).The last characteristic surface C+

0 that at
t = t0 reached, tangentially, the detonation wave, at t > t0, is left behind the wave,
and bounds, together with the detonation front, a shell of reacted gases with a self-
similar motion, independent of the external deposition energy and of the deposition
time. (On the other hand these determine r0 and t0 and also the non self-similar
motion of the reacted gases bounded externally by C+

0 ).
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Outside the characteristic surface C+
0 , the flow structure coincides with the Zeldovich-

Taylor self-similar structure behind a Chapman-Jouguet detonation of constant ve-
locity DCJ , originating at r = 0 at t = t0 − r0/DCJ . (The self-similar Z-T structure
is reached everywhere for large values of t/t0).

We shall also indicate in the presentation how finite reaction rate effects repre-
sented by the small, but non-negligible, value of the ratio lr/r0 at t = t0 determines,
together with the deposition time, the minimum energy needed to initiate a self-
moving Chapman-Jouguet detonation.

(This is joint work with Vadim Kourdiumov (CIEMAT) and Antonio Sánchez
(Universidad Carlos III))
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Mathematical models for the cardiovascular system:
analysis, numerical simulation, applications

Alfio Quarteroni1,2

Keywords: Circulatory system, mathematical modelling, finite elements, applica-
tions

Invited speaker

Abstract The role of mathematics in understanding and simulating fluid dynamics
and biochemical processes in the physiological and pathological functioning of the
human cardiovascular system is becoming more and more crucial. These phenomena
are indeed correlated with the origin of some major cardiovascular pathologies, and
influence the efficacy of the treatments to heal the arteries from their diseases.

Mathematical models allow the description of the complex fluid-structure interac-
tion which govern the artery wall deformation under the pressure pulse. Moreover,
appropriate reduction strategies can be devised to allow for an effective description
of the interaction between large, 3D components, and small 1D branches of the cir-
culatory system, as well as the transfer of drugs and chemicals between the arterial
lumen and the vessel wall.

This presentation will address some of these issues and a few representative ap-
plications.

1CMCS - MATHICSE
Ecole Polytechnique Federale de Lausanne,
Lausanne, Switzerland

2MOX-Politecnico di Milano
Milano

alfio.quarteroni@epfl.ch
http://cmcs.epfl.ch/people/quarteroni
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SHOCK-CAPTURING, PAST AND FUTURE

P. Roe1

Invited speaker

Abstract The battle between advocates of shock-capturing and shock-fitting was
decisively won by the capturers in the 1970s. Perhaps it was a Pyhrric victory.

Shock-capturing methods feature a number of anomalies that stubbornly resist
removal. These include the carbuncle phenomenon, the slowly-moving shock phe-
nomenon, the start-up problem, the wall-heating problem, and ambiguity in position.
It will be argued that all of these are related, and that they are linked to each other
both by the nonlinear nature of the Hugoniot curve for most physically-interesting
systems, and by the generation of numerical entropy.

We will describe some unsuccesful cures, and speculate on the possibility either of
an eventual cure, or perhaps the revival of fitting methods.

1Department of Aerospace Engineering
University of Michigan, USA
philroe@umich.edu
http://aerospace.engin.umich.edu/people/faculty/roe/
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The Riemann problem in computational science

E.F. Toro1

Keywords: Riemann problem, hyperbolic systems

Invited speaker

Abstract I start by defining the classical Riemann problem for evolutionary partial
differential equations as the simplest Cauchy problem with piece-wise constant initial
conditions, giving examples for hyperbolic systems and for the diffusion equation.
A brief historical account of the Riemann problem for hyperbolic systems is then
given, before reviewing the various applications of the Riemann problem solution, with
particular emphasis on the design of a wide variety of numerical methods for solving
the relevant general initial-boundary value problems. Some recent generalizations of
the classical Riemann problem are discussed, in which the initial condition is piece-
wise smooth and the equations include source terms.
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Maximum-principle-satisfying and

positivity-preserving high order discontinuous

Galerkin and finite volume schemes for conservation

laws

Chi-Wang Shu1

Keywords: Maximum principle, positivity preserving, finite volume scheme, dis-
continuous Galerkin method

Abstract We construct uniformly high order accurate discontinuous Galerkin (DG)
and weighted essentially non-oscillatory (WENO) finite volume (FV) schemes satis-
fying a strict maximum principle for scalar conservation laws and passive convection
in incompressible flows, and positivity preserving for density and pressure for com-
pressible Euler equations. A general framework (for arbitrary order of accuracy) is
established to construct a limiter for the DG or FV method with first order Euler
forward time discretization solving one dimensional scalar conservation laws. Strong
stability preserving (SSP) high order time discretizations will keep the maximum prin-
ciple and make the scheme uniformly high order in space and time. One remarkable
property of this approach is that it is straightforward to extend the method to two and
higher dimensions. The same limiter can be shown to preserve the maximum princi-
ple for the DG or FV scheme solving two-dimensional incompressible Euler equations
in the vorticity stream-function formulation, or any passive convection equation with
an incompressible velocity field. A suitable generalization results in a high order DG
or FV scheme satisfying positivity preserving property for density and pressure for
compressible Euler equations. We will emphasize recent developments including ar-
bitrary equations of state, source terms, integral terms and shallow water equations.
Numerical tests demonstrating the good performance of the scheme will be reported.
This is a joint work with Xiangxiong Zhang.
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Path-Conservative Schemes for Hyperbolic Source
Term Problems.

M.L. Muñoz-Ruiz1 C. Parés2
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Hyperbolic Nonconservative Systems

Minisymposia: Finite volume and discontinous Galerkin schemes for stiff source
term problems

Abstract This work is concerned with the numerical approximation of Cauchy
problems for one-dimensional systems of conservation laws with source terms or bal-
ance laws

Ut + F (U)x = S(U)σx, (1)

where U(x, t) ∈ Ω, being Ω an open convex set of RN , σ(x) is a known function from
R to R, F is a regular function from Ω to RN , and S is also a function from Ω to
RN .

It is well known that standard methods that solve correctly systems of conservation
laws can fail in solving (1), specially when approaching equilibria or near to equilibria
solutions. In the context of shallow water equations Bermúdez and Vázquez-Cendón
introduced in [1] the condition called C-property: a scheme is said to satisfy this
condition if it solves correctly the steady-state solutions corresponding to water at
rest. This idea of constructing numerical schemes that preserve some equilibria, which
are called in general well-balanced schemes, has been studied by many authors. The
design of numerical schemes with good properties for problems of the form (1) is a
very active front of research, as PDE systems of this nature arise in many flow models.

Here, we will study systems (1) as a particular case of the more general systems

Wt +A(W )Wx = 0, (2)

where the unknown W (x, t) takes values on an open convex set and A is a smooth
matrix function. This approach will allow us the discretization of the system as a
whole, making thus easier to balance correctly the numerical flux and the source
terms.

The presence of the nonconservative products A(W )Wx in (2) makes difficult both
the definition of weak solutions and the dessign of appropriate numerical schemes. We
use the theory introduced by Dal Maso, LeFloch and Murat in [3] in order to define
the concept of weak solutions. This theory is based on the prescription of a family
of paths in the phases space. The introduction of a family of paths not only gives
a way to properly define the concept of weak solutions of nonconservative systems:
a theoretical framework for the design of finite difference methods for systems of
the form (2) has been introduced in [4]. This framework is based on the concept of
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path-conservative numerical scheme, which is a generalization of the usual concept of
conservative method for conservation laws.

In [2] it was shown that, for general nonconservative systems a rather strong con-
vergence assumption is needed to prove a Lax-Wendroff type convergence theorem.
In this work we prove that, for systems of balance laws (1) with smooth enough σ,
a Lax-Wendroff type result can be proved for path-conservative numerical schemes
assuming the same hypotheses of convergence of the classical theorem for conservative
problems, as the numerical results shown in [2] seemed to suggest. Together with the
hypothesis concerning the convergence of the approximations, some minimal assump-
tions both on the chosen family of paths and on the numerical scheme are required,
so that if σ is constant the usual notion of weak solution and a conservative numerical
scheme are recovered.

In general, the assumptions on the family of paths required to prove the Lax-
Wendroff theorem are not enough to ensure the well-balanced property. In this work
we also present some general results showing that, in order to obtain well-balanced
schemes, some further assumptions have to be imposed to the family of paths, con-
cerning the relationship between the paths and the integral curves of the linearly
degenerate field of the system associated to the null eigenvalue.
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Entropy conservative and entropy stable schemes
for nonconservative systems

Ulrik Skre Fjordholm1

Many hyperbolic systems with source terms can easily be written as nonconserva-
tive hyperbolic systems. While the theory and numerics for hyperbolic conservation
laws has been in development for over half a century, numerics for nonconservative
systems is still in its infancy, and only in recent years have the fundamental difficulties
with the latter been recognized. Both types of systems exhibit discontinuous solu-
tions, but their analysis differ greatly in several aspects: While conservation laws are
easily interpreted within the theory of distributions, nonconservative systems cannot
be, due to the nonconservative product. While solutions to conservative systems are
largely invariant with respect to viscous terms, nonconservative systems are highly
sensitive to such regularizing terms. Therefore, the definition of an entropy solution –
a vanishing viscosity solution – makes sense only after choosing regularization opera-
tors, which mainly come from underlying physical principles. This information must
be incorporated in numerical schemes, either in the choice of a family of paths (see
[1]), or through the explicit addition of discrete viscous terms. In this talk we present
a take on the latter approach. Given a nonconservative system with an entropy pair,
we first design entropy conservative, path conservative finite volume schemes. These
are schemes that add no numerical diffusion, and are thus faithful to the inviscid
system. The construction of such schemes is a generalization of Tadmor’s work on
entropy conservative schemes for conservation laws [2]. We then add explicit dis-
cretizations of physical viscous terms to obtain an entropy stable scheme. Examples
are presented for a selection of nonconservative hyperbolic systems.

This is joint work with Manuel Castro, Siddhartha Mishra and Carlos Parés.
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A Runge-Kutta based Discontinuous Galerkin
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Abstract

An explicit one-step time discretization for discontinuous Galerkin schemes
applied to advection-diffusion equations is presented. The main idea is based on
a predictor corrector approach which was proposed in [1]. The interesting feature
is that the predictor is local and takes only into account the time evolution of
the data within each grid cell. In this paper, we focus ourselves to a continuous
extension Runge-Kutta schemes which was described in [2]. The advantage of
the predictor corrector formulation is that the time evolution is done in one
step and the data of the direct neighbors are needed only. Hence, the proposed
discontinuous Galerkin scheme has the optimal locality within the whole time
step. This is the basis to introduce a timeconsistent local time stepping in a way
such that every grid cell may run with its own optimal time step as given by the
local stability restriction [3]. The time accuracy and the efficiency of the local
time stepping is shown for linear and non-linear problems. A direct numerical
simulation of the aeroacoustics of a natural gas injector shows the efficiency of
the presented methodology, being well suited for unsteady advection dominated
problems with adaptive schemes.
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Abstract ADER scheme is very popular because the numerical results of the ADER
scheme have very high order of accuracy in both time and space in all dimensions
when the ADER scheme is used to discretize the time-dependent linear or non-linear
conservation laws. In order to obtain the high accuracy in time and space, it is
necessary to approximate the pointwise values and the spatial derivatives up to (r-1)-
th order with high order of accuracy from the cell averages for the ADER scheme of r-
th order of accuracy. The motivation of this paper is to introduce how to approximate
efficiently the high-order spatial derivatives with high order of accuracy.

In the classical scheme, the (r-1)-th order reconstruction polynomials must be used
for the r-th order ADER scheme. However, the highest order of reconstruction on
a fixed point is up to (2r-3)-th wherever the solution is sufficiently smooth if using
the WENO reconstruction. So we think it is not necessary to use the (r-1)-th order
reconstruction polynomials for the r-th order ADER scheme.It is enough to only use
r+1
2 -th order polynomials to achieve the r-th order ADER scheme. If we just use

r+1
2 -th order polynomials, how to compute the high-order spatial derivatives?

We use repeated reconstruction methods to compute the high-order spatial deriva-

tives which are showed as follows. Given the left and right boundary values ((∂n−1u
∂xn−1 )L

i+ 1
2

and (∂n−1u
∂xn−1 )R

i− 1
2

) of cell i, we will use the following methods to compute the cell average

of ∂nu
∂xn :

(
∂nu

∂xn
)i =

1

∆x
[(
∂n−1u

∂xn−1
)Li+ 1

2
− (

∂n−1u

∂xn−1
)Ri− 1

2
]. (1)

If the variable u is sufficiently smooth and the reconstructed distribution function
f(x) of the variable u from the cell average is the polynomial with r-th degree, we
can prove that

(
∂nu

∂xn
)i =

1

∆x

∫ x
i+1

2

x
i− 1

2

∂nu

∂xn
dx+O(∆xk), (2)

Where k = 2r − 2 if n ≤ r, k = 2r − 2 − (n− r) if n > r.
If we use the (2r-1)-th order WENO reconstruction methods to approximate the

left and right boundary values of ∂nu(x)
∂xn of cell i from (∂nu

∂xn )i, the local truncation
errors of the left and right boundary values are

(
∂nu

∂xn
)L,R

i± 1
2

= (
∂nu(x)

∂xn
)(xi± 1

2
) +O(∆xk). (3)
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We solve the following linear advection equation:

PDE : ∂tq + ∂xq = 0, (4)

IC : q(x, t = 0) = q0(x). (5)

The numerical solution is computed with periodic boundary condition in the spatial
domain 0 ≤ x ≤ 1. We compute the PDE at the output time t = 1 and courant
number coefficient is 0.9. Table 1 and Table 2 show the convergence study for fifth-
order ADER scheme with piece-wise parabolic reconstruction and we can find the
numerical results achieves the desired accuracy.

Table 1: errors of 5-th order ADER scheme using the 5-th WENO reconstruction
with q0(x) = sin(2πx)

Total number of grid L1 error Order
50 1.608552288829834E-6 -
100 4.488081727149761E-8 5.16
200 1.350276059002703E-9 5.05
400 4.165486974880975E-11 5.01

Table 2: errors of 5-th order ADER scheme using the 5-th WENO reconstruction
with q0(x) = sin4(πx)

Total number of grid L1 error Order
50 5.808261762126144E-5 -
100 2.676289832073615E-6 4.44
200 3.077777759161518E-8 6.44
400 3.745013304027228E-10 6.36
800 6.896507975139292E-12 5.76

We also use the ADER scheme using the repeated reconstruction methods for
computing the high-order spatial derivatives to compute the problem which initial
condition is the square wave and find the results are very good.

Conclusion: We use the repeated reconstruction methods for computing the high-
order spatial derivatives and the results are good.
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Minisymposia: Finite volume and discontinous Galerkin schemes for stiff source
term problems

Abstract In this talk we present a new unified approach of general PNPM

schemes on unstructured meshes in two and three space dimensions for the solu-
tion of hyperbolic balance laws with stiff source terms. The new PNPM approach
uses piecewise polynomials uh of degree N to represent the data in each cell. For the
computation of fluxes and source terms, another set of piecewise polynomials wh of
degree M ≥ N is used, which is computed from the underlying polynomials uh using
a reconstruction or recovery operator. The PNPM method contains classical high or-
der finite volume schemes (N = 0) and high order discontinuous Galerkin (DG) finite
element methods (N = M) just as two particular special cases of a more general class
of numerical schemes. Our method uses a novel high order accurate one–step time
discretization, based on a local space–time discontinuous Galerkin predictor, which is
also able to solve PDE with stiff source terms. We show that our method is asymptotic
preserving for a linear model system. We also present results for non–conservative
PDE and for PDE systems with higher order derivatives.

We will show applications to several hyerpbolic balance laws with stiff source
terms, including the relaxation system of Jin and Xin, the resistive relativistic MHD
equations, the Baer–Nunziato model for compressible multi–phase flows as well as the
chemically reacting compressible Navier–Stokes equations.
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Abstract Discontinuous Galerkin (DG) methods exhibit ”hidden accuracy” that
makes the superconvergence of this method an increasing popular topic to address.
Previous work has implemented a convolution kernel approach that allows us to
improve the order of accuracy from k+1 to order 2k+m for time-dependent linear
convection-diffusion equations, where k is the highest degree polynomial used in the
approximation and m depends upon the choice of the numerical flux. Additionally,
we are able to obtain similar convergence for smooth solutions to nonlinear hyperbolic
equations [3, 4]. In this talk, we discuss how this accuracy enhancing technique may
be applied to linear hyperbolic equations with stiff source terms,

ut +

d∑

i=1

ai uxi
+ aou = ψ(u) (x, t) ∈ Ω × (0, T ], (1)

u(x, 0) = u0(x). (2)

For simplicity, we always consider the domain Ω to have unit length in each coordinate
direction.

This convolution kernel approach to accuracy enhancement utilizes information
contained in the negative-order norm. Until now there has been relatively little work
on error estimates in the negative-order norm, which is related to capturing the super-
convergent points. The local postprocessing technique that makes use of the informa-
tion contained in the negative-order norm was originally developed by Bramble and
Schatz [1] in the context of continuous finite element methods for elliptic problems.
They demonstrated that it is possible to construct a better approximation by convo-
luting the finite element solution with a local averaging operator in the neighborhood
of a point x, where the convergence in the negative-order norms was higher than L

2

norm. Cockburn, Luskin, Shu, and Süli [2] established a framework to apply this
technique to linear hyperbolic equations in the context of the Discontinuous Galerkin
methods. Numerical experiments showed that the post-processing had a positive im-
pact on nonlinear hyperbolic equations. Furthermore, this technique is labelled as
a smoothness-increasing accuracy-conserving (SIAC) filter by Ryan et al. and was
extended to nonuniform meshes, higher-order derivatives, and as a filtering technique
to improve the visualization of streamlines [5, 6, 7].
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In this talk, we discuss the accuracy enhancing capabilities of this SIAC filter
for DG solutions to hyperbolic equations with smooth source terms. We discuss
theoretical and computational results and the possibilities for accuracy enhancement.
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Minisymposia: Finite volume and discontinous Galerkin schemes for stiff source
term problems.

Parallel Session: High order methods for hyperbolic conservation laws

Abstract In the last decades, discontinuous Galerkin (DG) methods have centered
the attention of many researches. The success of DG in hyperbolic problems has
driven many studies for nonlinear conservation laws and convection-dominated prob-
lems. Among all the advantages of DG, their inherent stability and local conservation
properties are relevant. Moreover, DG methods are naturally suited for high-order ap-
proximations. Actually, in recent years it has been shown that convection-dominated
problems are no longer restricted to low-order elements. In fact, highly accurate
numerical models for High-Fidelity predictions in CFD are necessary.

Two shock-capturing techniques are presented and discussed. First, a novel and
simpler strategy based on discontinuous basis functions is presented. Second, a most
commonly approach based on the introduction of articial viscosity is also presented.
The former incorporates a set of basis functions which may vary from piecewise
constant to a continuous representation of the solution within every element. Non-
constant dissipation proportional to the smoothness of the solution is introduced in-
side the DG element. This technique allows the shock to be contained within a single
element, obtaining shock thickness less than the element size, specially for large high-
order elements, [1]. The latter induces a shock width of order O(hk) with 1 ≤ k ≤ p,
which improves the width of common artificial diffusion techniques of order O(h/p),
see for instance [2]. The study extends the accurate one-dimensional articial viscos-
ity approach proposed in the earlier work [3] to triangular multidimensional meshes.
Both approaches prove the efficiency of large high-order DG elements in the presence
of shocks.
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Minisymposia: Finite volume and discontinuous Galerkin schemes for stiff source
term problems

Abstract The numerical solution of the first-order hyperbolic systems of weak con-
servation equations that result from maximum-entropy moment closures for the Boltz-
mann equation of gas-kinetic theory is considered. The maximum-entropy closures
provide hyperbolic transport equations for an extended set of fluid-dynamic proper-
ties that, unlike conventional continuum descriptions, can account for the evolution of
gases both in and significantly far from local thermodynamic equilibrium. The latter
may be encountered in micron-scale flows; highly rarefied flows; and flows with ex-
treme gradients, as are encountered within shock waves. The use hyperbolic moment
equations for numerical prediction of gaseous flows can also present several numeri-
cal advantages. Although treatment is required for in many cases stiff source terms,
the first-order nature of moment equations allows for the prediction of viscous or
heat-transfer effects without the need for the computation of second derivatives. This
is in contrast to the continuum-limit Navier-Stokes equations which rely on elliptic
operators for the prediction of these phenomena. Numerical solutions to first-order
hyperbolic equations are less sensitive to grid irregularities which often result from
adaptive-mesh-refinement or embedded-boundary techniques. The lower requirements
on the order of the derivatives that must be approximated during a computation also
means that numerical schemes for moment equations can gain an extra order of spacial
accuracy for the same reconstruction stencil when compared to equations requiring
the use of second-order derivatives. In general, numerical methods have been devised
that are well-suited for solution of hyperbolic conservation laws (e.g., Godunov-type
finite-volume or discontinuous-Galekin schemes) while other methods have been de-
veloped that are more appropriate for the solution of elliptic or parabolic systems.
However, the development of schemes which handle the different natures of terms in
conservation equations of mixed type with equal elegance have proven to be some-
what more difficult to develop. For all these reasons, the purely hyperbolic nature of
moment equations is highly desirable.

In this study, a parallel, implicit, adaptive mesh refinement (AMR), Godunov-
type, upwind, finite-volume scheme is described for the solution of the 10-moment
equations with stiff source terms of the Gaussian closure and applied to the pre-
diction of a range of three-dimensional, non-equilibrium, micro-scale, gaseous flows.
The Gaussian maximum-entropy closure and provides a fully-realisable and strictly
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hyperbolic description of non-equilibrium gaseous flows that is valid from the near-
equilibrium or continuum limit, through the transition regime, up to the near- colli-
sionless or free-molecular flow limit. Although this somewhat simplified mathematical
model does not incorporate the effects of heat transfer, it has been shown to accurately
describe non-equilibrium momentum transport for a range of micro-scale flows and
is very representative of other higher-order closures. The proposed upwind scheme
makes use of Riemann-solver-based flux functions and limited linear reconstruction
to provide accurate and monotonic solutions, even in the presence of large solution
gradients and/or under-resolved solution content on three-dimensional, multi-block,
body-fitted, hexahedral mesh. A block-based AMR strategy is adopted herein to al-
low for local refinement of the computational mesh. A rather effective and scalable
parallel implicit time-marching scheme based on a Jacobian-free inexact Newton-
Krylov-Schwarz (NKS) approach with additive Schwarz preconditioning and domain
partitioning following from the multi-block AMR mesh is used for the solution of
the non-linear ordinary-differential equations, including stiff source terms, that result
from the application of the upwind spatial discretization procedure. Details are given
of the Gaussian closure, it’s recovery of the continuum limit, and the proposed finite-
volume method. Numerical results for several canonical flow problems demonstrate
the robustness of the parallel implicit, finite-volume scheme for accurately predict-
ing fully three-dimensional, non-equilibrium, gaseous flow behaviour. Extension of
these ideas to viscous thermally conducting flow is also considered by examining ap-
proximate numerical solutions to the hyperbolic system with stiff source terms of a
higher-order maximum-entropy closure for a one-dimensional gas using the proposed
finite-volume solution scheme.

Keywords: gas kinetic theory, moment closures, hyperbolic treatments of viscous
and thermally conductive, finite-volume methods, adaptive mesh refinement (AMR)
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A fully adaptive numerical approximation
for a two-dimensional epidemic model

with nonlinear cross-diffusion

Stefan Berres1 and Ricardo Ruiz-Baier2

Minisymposia: Methods and models for biomedical problems

Abstract An epidemic model is formulated by a reaction-diffusion system where
the spatial pattern formation is driven by cross-diffusion. Whereas the reaction terms
describe the local dynamics of susceptible and infected species, the diffusion terms ac-
count for the spatial distribution dynamics. For both self-diffusion and cross-diffusion
nonlinear constitutive assumptions are suggested. To simulate the pattern formation
two finite volume formulations are proposed, which employ a conservative and a non-
conservative discretization, respectively. An efficient simulation is obtained by a fully
adaptive multiresolution strategy. Numerical examples illustrate the impact of the
cross-diffusion on the pattern formation.

Keywords: Epidemic model, reaction-diffusion equation, cross-diffusion, fully adap-
tive multiresolution, SIR model, Turing instability
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[2] M. Bendahmane and M. Sepúlveda, Convergence of a finite volume scheme
for nonlocal reaction-diffusion systems modelling an epidemic disease, Disc. Cont.
Dynam. Syst. - Series B 11 (2009) 823–853.
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hydrodynamics-biology coupling in a raceway.
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Minisymposia: Advanced numerical methods in biomathematics

Abstract The coupling between hydrodynamics and biology occuring in oceans,
lakes and industrial bioreactors is complex to model and simulate. Here we concen-
trate on algae growth in aquaculture for biofuel production that is an acute optimiza-
tion problem for industrials. In this context, the coupling between hydrodynamics
and biology has mostly been studied – with simple hydrodynamics models – in photo-
bioreactors [1] that are narrow closed tubes in which a turbulent flow transports the
algae. We are rather interested in situations where the algae culture takes place in
small circular ponds called raceways, used for the intensive outside culture of algae.
As far as we know, such studies have only been carried out in simplified situations [2]
that are not fully adapted to the problem we address.

The Navier-Stokes equations give a complete description of hydrodynamics. Nev-
ertheless, they are computationnaly demanding. Thus, the shallow water assumption
is often invoked when considering shallow depth flows, adopting an averaged descrip-
tion. But raceways where the flow is forced by a paddlewheel-like move, are highly
heterogeneous along the depth dimension, regarding temperature, light intensity or
nutrients availability. We can neither content ourselves with a model that assume
uniformity along the vertical dimension nor with a superposition of shallow water
models that would prevent exchanges of fluid between the layers. Therefore we use
for hydrodynamics a multilayer Saint-Venant model that allows mass exchanges [4, 3].

For the biological part, we have to deal with a great amount of existing models in
the literature. We choose to restrict ourselves to one particular species, the diatoms
whose evolution is governed by three variables : the phytoplanctonic carbon X (of
particular interest for biofuel production), the extracellular nutrients S, but also the
intracellular nitrogen N, that can be seen as a nutrient storage pool in the algae. We
then build an improved Droop model [5] that includes light effect on algae growth.
Our biological system reads

∂ρX

∂t
+∇.(ρuX) = νX∆X + ρ(µ(q, I)X −RX)

∂ρS

∂t
+∇.(ρuS) = νS∆S − ρλ(S, q)X

∂ρN

∂t
+∇.(ρuN) = νN∆N + ρ(λ(S, q)X −RN),
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with q = N/X. ρ is the fluid density and u the water velocity field both coming from
the Navier-Stokes sytem. I is the light intensity, R is a respiration coefficient, and
the growth coefficient write (Q0, Ql, Ks, µ̃ being constants):

µ(q, I) = µ̃
I

I +KsI + I2

KiI

(1− Q0

q
), λ(S, q) = λ

S

S + kS
(1− q

Ql
)

From these equations, we derive a multilayer system similar to what has been pro-
posed in [4, 3]. A kinetic interpretation of the whole system will result in an efficient
numerical scheme. The choice for the kinetic solver is encouraged by two main argu-
ments. First of all, we show that we have good properties: conservativity, stability,
maximum principle on the tracers. Second of all, since hyperbolicity of the hydro-
dynamics system has not been proven yet in the general case, eigenvalues are not
accessible.

We enforce accuracy of our method by finding analytical stationnary solutions for a
specific biological model immersed in the hydrostatic Euler equations with free surface.
Then we demonstrate through 2d and 3d numerical simulations that our approach is
capable of discriminating between situations of moving water or calm pond, choosing
an optimal water height or proposing initial conditions for the biological variables.
Moreover, we exhibit that a posteriori treatment of our velocity fields can provide
lagrangian trajectories of algae and the resulting light patterns, that we hope may
improve the choices of more adapted biological systems.
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Minisymposia: Methods and models for biomedical problems

Abstract The walls of microvessels play an important role in maintaining the equi-
librium between intravascular and extravascular fluid compartments. Under normal
conditions the vessel walls are nearly impermeable to macromolecules, while lipophilic
species and small hydrophilic substances are allowed to cross the walls and reach
the surrounding tissue. Fluid flow and transport of dissolved molecules through
the walls depends on permeability and diffusivity of the membrane composing the
wall. Several alterations of these processes have been observed resulting in leaking of
macromolecules, which is typically attributed to the reduction of oncotic pressure, or
inflammatory processes altering the endothelial structure.

In this work we investigate the role of an increased blood pressure as the driving
force for leaking of macromolecules. The microvessel wall is assumed to be composed
of two layers with different permeability and porosity, as assumed in previous studies
on fluid flow and macromolecules transport in heteroporous membranes. Variability
in the porosity and tortuosity of the porous material leads to variations in dispersivity.

In this preliminary analysis we assume permeability, porosity and tortuosity to
be constant within the single layer, but variable through the layers composing the
microvessel wall. With this simplified, yet realistic, model we obtain closed-form
steady-state solutions for the fluid flow and solute transport through the microvessel
walls, which can be used for a preliminary analysis of leaking of macromolecules due
to an increased blood pressure.

With this simple model we interpret experimental data available in the literature.
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Assessment of numerical methods for blood flow in
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Abstract The aim of this work is to systematically assess a range of modern nu-
merical methods for simulating the blood flow in veins. As a mathematical model we
adopt the one-dimensional system of hyperbolic balance laws, as formulated in [1].
See also [2] and references therein. The unknowns of the problem are cross-sectional
area, cross-sectional averaged velocity and pressure. A closure condition is required,
as there are less equations than unknowns. The tube law is a closure condition that
relates cross-sectional area, and thus the compliance of veins, to pressure. In this
work we pay special attention to the treatment of source terms and junctions, see [3]
and [4]. It is known that endothelial cells react to mechanical signals, which in turn
determines their configuration and behaviour [5]. Hence the correct representation of
wave propagation plays a major role. It is therefore useful to apply accurate numerical
methods to solve the partial differential equations.

Here we implement and systematically assess a broad range of modern numer-
ical methods to solve the adopted model system. We start with two second-order
shock-capturing finite volume schemes, namely the WAF method [6] and the MUSCL-
Hancock method [7]. We then proceed to higher order schemes in the frameworks of
finite volumes and discontinuous Galerkin finite elements. In particular we assess the
ADER approach [8, 9], a fully discrete, one-step scheme of arbitrary order of accuracy
in both space and time. The ADER approach requires a non-linear spatial reconstruc-
tion step and a solver for the generalized (or high order) Riemann problem. Various
available options for the generalized Riemann solver are implemented. See [10], [11]
and [12]. In addition we also implement semi-discrete finite volume and DG schemes
using TVD Runge-Kutta schemes [13], and the semi-implicit scheme of Casulli [14].

To conclude we present preliminary numerical results for a simplified venous net-
work associated with the extracranial venous system.

Keywords: hemodynamics, collapsible tubes, high order methods
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Abstract The fluid-structure interaction (FSI) problem occurs whenever a fluid
and a solid exchange energy through a FSI interface. The hyperbolic nature of the
FSI problem allows to capture waves’ propagation. This is the case, for example, of
the blood flowing in the cardiovascular vessels, which inspires the present work. In
that case, a pressure wave travels downstream the arterial tree. One of the major
topic in FSI simulations in haemodynamics is the prescription of suitable boundary
condition at the outlets, in order to avoid non-physiological wave reflections. With
this aim, one classical solution is the coupling with a reduced one-dimensional (1D)
model. The first goal of this work consists in studying the coupling between the FSI
and the 1D problems, by means of defective Robin (resistance) boundary conditions.

The second goal of this work is related to the study of another reduced model for
the FSI problem, given by considering a membrane structure instead of a thick one.
In this context, an algorithm based on the solution of just one fluid problem at each
time step has been introduced in [1]. Here we want to provide a comparison of the
solutions obtained with a thick structure and with a membrane, in relation to the
aims of the simulations and to the computational costs involved.
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Dynamics of submerged gravitational granular flows
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Minisymposia: Multiphase flows and porous media

Abstract From a mathematical point of view, debris flows can be treated as grav-
itational granular flows in a water matrix. In absence of cohesive materials, the
rheology of the liquid phase is Newtonian, while the rheology of the granular phase is
more complex. In the gravitational flows analyzed in this paper, we are considering
the motion of a granular flow flowing on an immobile bed composed by the same
material, in equilibrium state. In this condition the presence of a stratification of the
rheological mechanisms across the flow depth has been observed [3]. Near the free
surface the granular flow is characterized by instantaneous contact among the parti-
cles (collisional regime), while near the immobile bed the granular flow is dominated
by prolonged contacts among particles (frictional regime). In general, the tensor of
the granular phase can be assumed to be the composition of two tensors, one, T g−coll

ij ,
representative of the stresses exchanged with a collisional mechanism, one, T g−fric

ij ,
representative of the stresses expressed by a frictional mechanism. The rheology of
the collisional regime is well described by means of the kinetic theory, in which the
granular flow is assimilated to a dense gas [4]. The rheology of the frictional regime,
however, is still under debate and a persuasive formulation of this regime does not
exist yet. Often, one assumes that frictional stress is Coulombian, but experimental
evidence shows that this hypothesis is rather limitative [2]. A successful scheme of
this kind was recently proposed by the GDR-Midi group [6], but this model is based
on some parameters, the determination of which is doubtful and it does not contain
a suitable formulation for the granular pressure. Armanini [1] proposes a reinterpre-
tation of the model, as weighted average of a Coulombian stress (dependent on static
friction angle at the bottom), and of a dynamic stress, represented by a dynamic
friction angle. Besides in the same work also a relation for the granular pressure is
given.

In the present paper, we are presenting a generalization of this model its numerical
solution for two-dimensional, uniform flows. Under this hypothesis the system of
differential equations that describes the flow is:

∂τg
12

∂x2
= −(1 + C∆)ρwg

∂z

∂x1

∂pg

∂x2
= −C∆ρwg

∂z

∂x2

∂

∂x2

(
−f4

√
Θdp

∂Θ
∂y

)
= f2

√
Θdp

(
∂u1

∂y

)2

− f5ρs
Θ1.5

dp
(1)
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where dp is the size of the particles; Θ the granular temperature; ug the velocity
of granular phase; ∆ = (ρs − ρw)/ρw; z is the vertical direction; c is the volume
concentration of the granular phase; x1 and x2 are the longitudinal and the normal
directions respectively, and f1,f2 and f4 are functions of the concentration. With the
following relationships:

τg
12 = f2

√
Θdp

∂ug
1

∂y
+ pg I2

0

I2
0 + I2

tanϕfric and pg
12 = f1ρsΘ + pg

z=0e
− (c−c∗)2

A (2)

where C∗ is the solid concentration in the bed, and I = dp(∂ug
1/∂y)/

√
pg
12/ρs, while

I0 and A are costants.
The system (1)-(2) can be written as a differential algebraic system of the general

form
dE(Q)

dy
= S(y, Q), (3)

with two nonlinear vector functions E(Q) and S(Q). The boundary value problem (1)-
(2) is solved on the basis of a shooting method which resolves the DAE (3) numerically.
We studied two options: first, using a simple Crank–Nicholson type scheme of the form

E(Qn+1)− E(Qn)
∆y

− 1
2

(S(yn, Qn) + S(yn+1, Qn+1)) = 0, (4)

which is solved for Qn+1 using a Newton method with an appropriate globalization
strategy based on linesearch. As a second option we use a high order continuous
Galerkin finite element method for the solution of (3), similar to the discontinuous
Galerkin finite element scheme proposed in [7] for the solution of the ODE systems
arising in boundary layer theory. The numerical results obtained from the model
(1)-(2) are satisfactory compared with the experimental data.
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Abstract We present a Finite Volume Method (FVM) for three-dimensional, in-
compressible, free-surface flow in the presence of non-cohesive, uni-modal, sediment
particles near equilibrium. The physical model is based on the mixture (or drift-
flux) theory [1]. The continuity equations of the water, sediment and air phases are
reformulated in terms of the mixture volumetric velocity ~u,

∇ · ~u = 0 , (1)

resulting in two scalar transport equations as

∂φ

∂t
+ ∇ · (φ~u) + ∇ · [φ(1 − φ)~urφ] = 0 , φ = β, γ (2)

where t is time, ~urφ denotes the slip velocity, β is the sediment-volumetric concen-
tration and γ is the phase indicator function employed to capture the free surface.
Equation (3) is solved by means of an explicit numerical scheme designed for the
multi-dimensional advection equation [2]. The bulk momentum equation is formu-
lated under the assumption of near equilibrium between water and sediment, i.e.
|~urβ | ≪ |~u|. Under this assumption, the mixture momentum equation reads [3]

∂ρ~v

∂t
+ ∇ · (ρ~v~v) = −∇p + ∇ · τ − ~g · ~x∇ρ , (3)

where ρ is the mixture density, ~v := ~v(~u, ~urφ) is the mixture mass velocity, ~g is the
acceleration due to gravity, and τ is the generalised stress tensor that accounts for
the viscous stress tensor, the diffusion stresses due to the relative motion between
phases and the non-isotropic part of the sediment stress tensor. The model reveals
that the isotropic part of the bulk stress tensor, i.e. the mixture pressure p, plays the
same role as for a single incompressible flow. Consequently, (1)–(3) are discretised
and assembled into a block system using a Schur complement formulation [4].

†This work has been supported by the Spanish MCyT, Junta de Andalućıa and European funds
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We compare numerical results obtained both in structure and polyhedral meshes
for two physical problems: vertical settlers in the presence of free surface [5] and
particle-laden flows down a steep inclined plane [6]. With these examples, we show
the capability of the numerical scheme to capture discontinuities in φ, see figure 1,
and to obtain the pressure distribution and the three-dimensional velocity profile.
Finally, we also assess the mesh topology influence on the numerical results.
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Figure 1: Numerical solution (left) for the volumetric concentration of sediment β(z, t)
in the experiments (right) by Snabre et al. [5].
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1Área de Mecánica de Fluidos, Departamento de Ingenieŕıa Mecánica y
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Abstract In this work, we have investigated numerically the transition from straight
to zigzag motion during the rise of a single gas bubble of diameter D in a pure-clear
stagnant liquid [1], for the limiting case ρg/ρl ≪ 1 and µg/µl ≪ 1, where ρ is density,
µ is dynamic viscosity, and subindices g and l denote gas and liquid phases, respec-
tively. The transition is determined in terms of the Reynolds, Re = ρl g

1/2 D3/2/µl,
and Bond, Bo = ρl g D

2/σ, numbers as set of nondimensional, independent param-
eters governing the flow dynamics [2], in which g is the acceleration due to gravity
and σ is the surface tension. Subsequently, the neutral curve for the onset of zigzag
motion is characterized in the {Re, Bo}-plane.

This type of flow has been previously studied numerically and experimentally [1,
2, 3]. From the numerical point of view, the terminal velocity and bubble shape are
usually computed under the axisymmetric hypothesis, e.g. [2], though the real flow
is both three-dimensional and unsteady. On the experimental side, e.g. [1], available
data for the neutral curve cover a limited part of the {Re, Bo} diagram because of the
intrinsic difficulties to the current problem, see dashed line in figure 1(a). Although
the neutral curve has been already determined considering a spheroidal shape for
the bubble [3], its precise description is still an unresolved problem. Thus, in this
work we characterise accurately the above mentioned transition combining several
second-order finite volume methods, which have been implemented in open source
software, discussing the advantages of each one. We show that the combination
of Godunov momentum advection scheme and adaptive quadtree mesh refinement,
available in Gerris flow solver [4], performs better than schemes implemented in the
interFoam multiphase solver in OpenFOAM. Consequently, the axisymmetric basic
flow is characterised by means of Gerris flow solver, see figure 1(b), and the evolution of
the bubble shape, terminal velocity, pressure and velocity fields described as functions
of Re and Bo in the vicinity of the neutral curve. The stability property of the
background flow is subsequently determined by means of three-dimensional numerical
simulations [5], showing the loss of the flow axisymmetry and the developing of two
counter-rotating vortices, as illustrated in figure 1(c).

†This work has been supported by the Spanish MCyT, Junta de Andalućıa and European funds

under Projects# DPI2008-06624-C02 and P07-TEP02693
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Figure 1: (a) Stability diagram showing the experimental neutral curve [1], dashed
line, and our preliminary result, blue circle. Thin solid lines depict the Morton num-
ber, Mo = gµ4

L/ ρL σ3, from 10−12 to 104. (b) Axisymmetric bubble at Re = 113.1
and Bo = 3.925 simulated with Gerris flow solver. (c) Streamwise vorticity contours
observed in the three-dimensional perturbed flow with axisymmetric bubble shape,
corresponding with the circle depicted in (a).
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Abstract

Subsurface flow is an important part of hydrological processes, from infiltration
during rain events to surface-subsurface flow interactions in floodplains and hillslopes.
Since subsurface flow may occur in unsaturated and saturated conditions, models
which are able to represent such conditions in a continous fashion are necessary.
Furthermore, adequate mass conservation in hydrological processes must account for
the exchange of surface and subsurface water both in steady and unsteady cases.
Hence, a model which is allows to approximate the solution of transient variably
saturated flow problems, aiming towards surface-subsurface interactions, has been
developed.

Flow in variably saturated soils is described by Richards equation. This highly
non-linear PDE requires in most cases the use of numerical methods for its solution.
The proposed numerical model allows for the solution of the water content and pres-
sure distribution in three dimensional domains by means of an implicit finite volume
scheme which adequately conserves mass and represents wetting fronts both in time
and space. The model has been developed progresively from one to three dimensions,
testing it against an analytical solution of an infiltration problem and by means of test
cases. In one dimensional form, several numerical schemes were tested to determine
the best numerical approach and determine the response of the model to different
configurations and parameters. Validation against the analytical solution shows that
the model is able to correctly solve Richards’ equation in one, two and three dimen-
sions. Test case solutions show good behavior of the model in all dimensions against
particular geometries and different initial and boundary conditions.
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Abstract We present an all-speed asymptotic preserving scheme for the low Mach
limit of the full Euler equations.

In the framework of nuclear power plants safety studies, the numerical simulation
of multiphase flows is a crucial issue. One of the difficulties is the existence of both
compressible and incompressible flow regions, as the sound speed can be much higher
in the pure liquid nearly incompressible flow regions than in the multiphase mixture
regions. This is why a numerical method for the simulation of multiphase flows must
apply equally to both compressible and incompressible flows. This type of scheme is
referred to as an “all speed” scheme.

Standard compressible methods do not have this all-speed property and suffer
from an important loss of accuracy, a deterioration of the convergence rate, and
a timestep dramatically reduced along with the Mach number. As a result, low
speed preconditioning techniques have been developed for the computation of nearly
incompressible single phase models or two phase flow mixture models. Nevertheless,
the divergence-free constraint on the velocity in the low Mach number regime is not
respected and can produce robustness problems.

In the past few years, a new class of schemes, “asymptotic preserving” (AP)
schemes, have been successfully applied to singular limit problems, as plasmas in
the quasineutral limit [1] or Euler equations in a strong magnetic field [2]. Scaling
the equations highlights the existence of a parameter ε ∈ [0, O(1)], like the Mach
number in the Euler equations. Asymptotic preserving schemes provide a consistent
discretisation of both the ε = O(1) equations and the limit system ε = 0.

All-speed asymptotic preserving schemes for the low Mach number limit have
already been proposed for the isentropic Euler equations in [3] and [4]. Given the
application of our work to thermal power plants, we start extending the work of [3]
to the full Euler equations as they represent the convective part of the multiphase
model HEM (homogeneous equilibrium model), including an energy equation. Our
aim is to propose an all speed solver for general multifluid models.

The key idea of our AP scheme is a specific semi-implicit time-discretisation:
the low Mach number stiff terms are divided in two parts, one part being treated
explicitly and the other one implicitly. This semi-implicit discretisation is the key
to the asymptotic preserving property. Moreover, it allows to be released from the
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stringent CFL constraint appearing in the low Mach number regime: timesteps are
based on the fluid velocity and not on the acoustic velocity.

The AP scheme also takes into account the change of nature of the Euler equations,
hyperbolic in the compressible regime and hyperbolic/elliptic in the low Mach regime,
via the resolution of an elliptic equation on the pressure. The construction of the
elliptic equation differs from [3] as it involves the energy equation. The divergence-
free constraint on the velocity is respected in the low Mach number regime.

The proposed AP scheme is conservative, adapted to a general equation of state,
and able to compute steady or unsteady flows.

So far, very promising numerical results have been obtained from a second-order
discretisation of the AP scheme. First, our scheme conserves the accurate shock
capturing properties of the Riemann solvers. Then, to test the behaviour of the
AP scheme in the low Mach regime, the relevant and well-known test-cases of the
backwards facing step and the lid driven cavity have been computed. Our AP scheme
is able to capture the circulation regions typical of the low Mach number regime, and
the dimensions match the results found by other authors.

The numerical results show the good behaviour of our asymptotic preserving
scheme in both compressible and nearly incompressible regions. Moreover, the idea
can be extended to the multifluid model, which we intend to consider in the future.
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Abstract Conservation laws are used in a wide range of applications. Some of
these applications show special phenomena, which can be understood with the help
of non-classical waves. For more informations on non-classical waves see for example
[2].

One important application is multiphase flow. Let us for example look at a liquid
droplet in vapour. The surface of the droplet becomes a non-classical shock in the
mathematical model. It is well known, that the criterion of entropy solutions is not
enough to get well-posedness in this setting. One has to require an additional algebraic
equation, which each non-classical wave has to satisfy. Due to this fact normal finite
volume schemes are not able to treat non-classical shocks.

For the sake of simplicity, we write down the model in the scalar one-dimensional
case, which is also the case, where the results hold. We have

ut + f(u)x = 0 in R× (0, T ),
u(t = 0) = u0 in R,

where u:R× [0, T ] → R is the unknown quantity and f :R → R is the flux by which
u is transported. Since we are interested in non-classical waves, we assume, that f is
for example concave-convex. At non-classical waves an additional algebraic relation,
the so-called kinetic relation [1], has to hold

u+(t) = ϕ(u
−
(t)).

Here u
−
(t) and u+(t) are the left and right hand side trace values of u(·, t) at the

non-classical wave. ϕ:R → R is the kinetic function.
In the talk we will introduce a new generalised finite volume scheme, which is able

to treat non-classical shocks. The scheme will be written down in a more-dimensional
setting for systems of conservation laws. After introducing the scheme, we will proof
for the scalar one-dimensional case with only one phase boundary, that the scheme is
TVB, and discuss further convergence properties of the scheme.
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Abstract Microbial transport in groundwater can be strongly influenced by chemo-
taxis induced by chemical gradients and this can have a significant effect on the rate
of degradation of groundwater contaminants ([1]). The main aim of this paper is to
describe a method of simulating the propagation of a travelling microbial wave in a
contaminated region and the resulting degradation of the contaminant. The presence
of the chemotactic term and the relatively small bacterial diffusion means that the
wave contains a very sharp wavefront (of the order of millimetres). We therefore use
an upwind conservative numerical scheme to obtain accurate and numerically stable
solutions. The accuracy of the method is verified by comparisons with an exact one
dimensional solution of a simplified problem. The method is then used to simulate the
propagation of a realistic chemotactic wave in one dimension. We then use Adaptive
Mesh Refinement (AMR) to compute the propagation of chemotactic waves in two di-
mensions using the simplified model calibrated to give the same wavespeed as the full
model. This technique makes it possible to study the propagation of such waves on
scales of the order of kilometers, which typical for contaminated aquifers. The figure
shows the propagation of a microbial wave into an initially polygonal contaminated
region.
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Figure 1: Cell density at t = 0.5 × 10−4, t = 1.0 × 10−4, t = 1.5 × 10−4 and
t = 2.0× 10−4 for an initially irregular polygonal region.
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Abstract This work is concerned with the development and application of a nu-
merical procedure for the simulation of the flow phenomena involved in composite
manufacturing processes.

Liquid Composite Molding (LCM) is one of most important manufacturing pro-
cesses to produce reinforced plastics. It is a process where a liquid resin is injected
in a closed mold containing a dry fibrous reinforcement. The resin impregnation is
usually modelled as a flow in porous media. The mathematical model of injection
molding is a free boundary problem described by Darcy law and incompressible flow.
An important task in the simulation of the mold filling process is the numerical treat-
ment of the moving boundary defined by the liquid resin flow front. The numerical
method used by the authors to solve this problem combines a discretization of an
elliptic equation governing the pressure and velocity distributions and a transport
hyperbolic equation governing the evolution of the resin volume fraction in a fixed
mesh.

The incubation time is another important variable in the LCM process. It is the
elapsed time since the reactives are mixed, which for each fluid particle depends on
the path travelled throughout the mold, and is directly related with the resin curing
conversion. The evolution of both, the volume fraction and the incubation time in
the LCM processes, are given by linear advection equations. In general, the LCM
process simulation involves an accurate treatment of the advection equation which
governs the evolution of different fluid properties: fluid presence function, incubation
time, temperature, degree of saturation, etc.

In [2] the authors describe a 2D numerical model for LCM simulations in which the
volume fraction has been updated by using a new second-order scheme with flux lim-
iters, that provide excellent results regardless of the position of the injection points.
In [3] we propose a general strategy able to carry out an accurate field transport
when an Eulerian technique, using a fixed mesh, is adopted. We redefine the flux
limiters proposed in [2] in order to account for the numerical difficulties related to
the integration of a variable, such as the incubation time, in fixed mesh simulations
when it is not defined in the empty part of the mold. In order to obtain an accurate

†Financial support: Spanish Ministery of Science and Innovation (Project DPI2010-20333).
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transport of the correspondent field in these cases, we have assumed that the fluid
comes to an element only from its full filled neighbor elements. This condition has
been introduced in the formulation of the schemes from the use of a parameter which
has to be considered in all stages of the discretization. The numerical method min-
imizes the numerical diffusion and implicitly transports all fields with the flow front
movement. We think this numerical technique can also be useful to update other
properties governing by advection equations, by example, to simulate the degree of
saturation in LCM filling process with void formation.

The reduction of voids formed during the resin filling process is a major issue in
LCM processes [1]. Reducing the void content increases the quality of the composite
and improves its mechanical properties. Most of modeling efforts on process simula-
tion of mold filling has been focused on the single phase Darcys law, with resin as the
only phase, ignoring the formation and transport of voids. Equations that describe
the LCM filling process with void formation are based on a two phase flow model and
lead to a coupled system of a nonlinear advection-diffusion equation for saturation
and an elliptic equation for pressure and velocity. In general, the saturation equation
is a non-linear advection-diffusion equation which includes the capillary pressure ef-
fect and it reduces to a purely advection transport equation when capillary effects are
neglected. The hyperbolic nature of the saturation equation and its strong coupling
through relative permeability represents a challenging numerical issue. In this work,
a very accurate numerical approach, based on flux limiters, is proposed to solve this
complex flow behavior. The implemented algorithm allows a numerical optimization
of the injected flow rate which minimizes the micro/macroscopic void formation dur-
ing mold filling. Some preliminary numerical results are presented here in order to
validate the proposed mathematical model and the numerical scheme. This formu-
lation opens up new opportunities to improve LCM flow simulations and optimize
injection molds.
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Universidad Politécnica de Valencia
Camino de Vera s/n, 46022 Valencia, Spain
llgascon@mat.upv.es, jugarcia@mcm.upv.es

69



Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

Mathematical modeling of heat transfer during
quenching process

D.N. Passarella1 F. Varas1 E.B. Mart́ın2

Keywords: Quenching, multiphase flows, finite element method, drift-flux model,
heat partition model

Minisymposia: Multiphase flow and porous media

Abstract In quenching by submerging the workpiece is cooled due to vaporization,
convective flow and interaction of both mechanisms. The dynamics of these phenom-
ena is very complex and the corresponding heat fluxes are strongly dependent on
local flow variables such as velocity of fluid and vapor fraction. This local dependence
may produce very different cooling rates along the piece, responsible for inappro-
priate metallurgical transformations, variability of material properties and residual
stresses. In order to obtain an accurate description of cooling during quenching, a
mathematical model of heat transfer is presented here. The model is based on the
drift-flux mixture-model for multiphase flows [1], including an equation of conserva-
tion of energy for the liquid phase and specific boundary conditions that account for
evaporation and presence of vapor phase on the surface of the piece [2]-[4]. The model
was implemented on Comsol Multiphysics software. Generation of appropriate initial
and boundary conditions, as well as numerical resolution details is briefly discussed.
To test the model, a simple flow condition around a sphere is analyzed. The effect of
vapor fraction on heat transfer is assessed. The presence of the typical vapor blanket
and its collapse are recovered by the model, and its effect on the cooling rates on
different parts of the piece is analyzed.
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Figure 1: Vapor blanket (l) and piece temperature (r) at t=0.65 seg.

Figure 2: Variation of heat transfer coefficient along the circumference
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Abstract The development of advanced computational modelling for fluid flow in
elastic porous media is of interest in a number of scientific and engineering disciplines
including geophysical applications. In recent decades a theories for multiphase flows
and associated numerical algorithms have been developed and exploited for the needs
of industry and environmental sciences. But up to now there is no conventional form
of the model and its governing equations even for compressible two-phase flows. Sev-
eral approaches exist also for the modelling of fluid flow in elastic media. The Biot
equations [1] for small amplitude wave propagation in the saturated porous medium
are widely used in geophysics but they are not applicable to the case of finite de-
formations. The phenomenological model based on the irreversible thermodynamics
principles has been developed in [2] taking into account finite deformations, but its
governing equations are not fully conservative and in addition have some disadvan-
tages for the case of vanishing phase.

The main challenge in the multiphase flow modelling is associated with the for-
mulation of a mathematical model that satisfies such important properties as hy-
perbolicity, fully conservative form of the governing equations and compatibility and
consistency of the mathematical model with the thermodynamic laws. These proper-
ties provide a solid mathematical framework for a theory of different initial-boundary
value problems and allows to develop highly accurate numerical methods.

Recently a hierarchy of conservative models for compressible two-phase flow and
high-accuracy numerical methods for solving of corresponding governing equations
have been proposed in [5, 4]. The development of these models are based on the
theory of thermodynamically compatible hyperbolic systems of conservation laws [3].

Here we present an application of this theory for conservative formulation of isen-
tropic flow of compressible fluid in the elastic porous media. Its core aspect is a
phenomenological modelling of continuous media, where by using thermodynamic
laws we determine a structure of the governing balance laws. In this context the mix-
ture is supposed to be a continuum in which the multiphase character of flow is taken
into account. The resulting system of PDEs is hyperbolic and all balance equations
can be cast in conservation form.

†This work was supported by the RFBR grants 09-01-00221, 10-05-00233, 11-01-00147 and by
the Presidium of Russian Academy of Sciences Programme of Fundamental Research No 2 (project
121)
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As an alternative to the Biot theory, the governing equations for small amplitude
wave propagation are derived from the general system of conservation laws. The
dependence of the fast and slow pressure waves and shear wave on the porosity is
studied. Some test problems are solved numerically.
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Abstract In some applications in multiphase flow, compressible effects cannot be
neglected. In this case, one assumes in general, that the liquid phase as well as the
gaseous phase are modelled by compressible equations such as the Euler equations

∂tρ + ∇ · (ρv) = 0

∂t (ρv) + ∇ · (v ⊗ (ρv)) + ∇pi = 0 (1)

∂tE + ∇ · (v (E + pi)) = 0,

where as usual ρ denotes the density, v the velocity, E = ρe+ 1

2
ρ|v|2 the total energy

and e the internal energy.
To model the different behaviours of the phases, each phase is described by a different
equation of state pi(ρ, e), which accounts especially for the different compressibilities.
In the literature (see e.g. [1, 2]), it is for instance common to use the Tait equation
of state

pTait(ρ) = k0

((
ρ

ρ0

)γ

− 1

)
+ p0 (2)

to model the behaviour of very weakly compressible fluids such as liquids, where the
constants are chosen to γ ≈ 7 and k0 ≈ 3000. This leads to a very stiff pressure law
and to a very large speed of sound in the liquid regions. Numerically, this results in
severe time step restrictions due to the CFL-condition.

To circumvent this high restriction on the time step size, we propose a coupling
of compressible and incompressible flows, where the flow in the liquid phase is given
by the incompressible Euler equations

∇ · (v) = 0

∂tv + ∇ · (v ⊗ v) + ∇pi = 0.

We show that the interface conditions for the coupling of Euler and incompressible
Euler equations in one space dimension are given by an ordinary differential equation
and discuss how the interface conditions can be solved numerically.
Unlike the purely compressible case, where a one-dimensional Riemann solver is suf-
ficient to solve numerically also problems in higher space dimension, this holds not
true for the coupling of compressible and incompressible flows. We show why this is
the case and discuss the necessary extensions of the interface conditions for higher
space dimensions.
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Abstract In this talk we will review the structure of the resulting coupled hyperbolic-
elliptic set of equations in the Fully Constrained Formalism (FCF) [1] of Einstein
equations. Transverse-traceless decomposition of metric tensors [2] make possible a
reformulation of the equations, providing local uniqueness properties to the elliptic
ones. The hydrodynamics equations have to be solved, coupled with Einstein equa-
tions, in presence of matter.

The gravitational radiation of the system is encoded in the hyperbolic equations
of the formulation. If these equations are neglected, i.e., the gravitational radiation
of the system is not taken into account, the so-called Conformally Flat Condition
(CFC) [3, 4] of Einstein equations is recovered. This scheme is an approximation
of Einstein equations used in many astrophysical applications in the last years [5].
It can be, therefore, desirable to extend this approximation to a fully relativistic
formulation where very compact objects are involved in the astrophysical simulations
(e.g., neutron stars or black holes).

The main objective of the talk is to present the numerical methods used in or-
der to evolve numerically the hyperbolic system of Einstein equations, in particular
implicit-explicit Runge-Kutta high order methods and finite differences grid. Stabil-
ity and convergence of this system are studied. In current simulations, this system
is influenced by the rest of variables, although the sources containing the ones of the
hyperbolic system of Einstein equations are negleted in the rest of elliptic and hydro-
dynamic equations. We are then able to read the gravitational radiation of a system
in which this gravitational radiation itself does not affect the evolution of the rest of
equations.

The next step, after checking the good numerical behavior of the system, is the full
implementation of the FCF in order to extract gravitational waves from astrophysical
scenarios.

Mathematics Subject Classification 2000: 35L40, 35Q76, 65N06
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Abstract The most widely used computational methods for astrophysical fluid dy-
namics are SPH (Smoothed Particle Hydrodynamics) and grid codes using AMR
(Adaptive Mesh Refinement). The relative merits of these methods have been hotly
disputed for a number of years, but in the end the only way to settle this is to compare
them for a range of problems for which one has a good idea of the correct solution.
I will discuss comparisons between the SPH code, SEREN, and the Godunov-type
AMR code, MG for a number of test problems, such as Kelvin-Helmholtz, radiative
shocks, moving polytropes and a simple model of the Santa Barbara cluster formation
problem.

Although the Riemann problem is more than 100 years old, it still offers a fertile
ground for research and surprises. I will review our present understanding of this
problem both in relativistic hydrodynamics and in relativistic magnetohydrodynam-
ics, highlighting some new developments such the ideas of a hydrodynamical-boost in
astrophysical jets or the ”shock-detector” in numerical hydrodynamics.
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Abstract An approximate Riemann solver for the equations of ideal relativistic
magnetohydrodynamics is presented. The solver belongs to the so-called Harten-Lax-
van Leer (HLL, [1]) family of solvers where an initial guess to the characteristic wave
speeds is given without any knowledge a priori of the solution. Our proposed method
of solution generalizes to the relativistic case the classical five-wave HLLD Riemann
solver initially developed by Miyoshi & Kusano [6] for the equations of classical ideal
magnetohydrodynamics. The solution to the Riemann problem is approximated by a
five-wave pattern, comprising two outermost fast shocks, two rotational discontinuities
and a contact surface in the middle, [3]. The proposed scheme is considerably more
elaborate than in the classical case since the normal velocity is no longer constant
across the rotational modes. Still, proper closure to the Rankine-Hugoniot jump
conditions can be obtained by solving a single nonlinear scalar equation in the total
pressure variable which, for the chosen configuration, has to be constant over the
whole Riemann fan. The accuracy of the new Riemann solver is validated against
one-dimensional tests and multidimensional applications. It is shown that our new
solver considerably improves over the popular Harten-Lax-van Leer solver and the
similar, less accurate, HLLC schemes [5, 4, 2].
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Abstract The influence of magnetic fields on the evolution of core-collapse super-
novae and gamma-ray bursts is not fully understood. While the presence of a magnetic
field in these events is very likely, it is still uncertain whether or not it can be am-
plified from its weak initial field strength to values roughly in energetic equipartition
with the fluid flow, i.e., to a strength sufficient to affect the flow on the dynamical
time scale of the explosion. Observationally, the detection of magnetars, very highly
magnetised neutron stars, suggests that very strong magnetic fields may be generated
in supernovae under certain conditions.

Some of the mechanisms proposed to account for the amplification involve mag-
netohydrodynamic turbulence. Among them are convection driven by gradients of
entropy and electron number or the magneto-rotational instability (MRI) of a dif-
ferentially rotating supernova core, or the Kelvin-Helmholtz instability of the shear
layer forming in the merger of two neutron stars triggering a short gamma-ray burst.

In order to follow the MHD turbulence developing due to these instabilities, the
numerical modelling of these processes requires highly accurate methods. A further
complexity arises from the large range of additional physical effects that may have
an influence on the explosion, chief among them the transport of neutrinos and their
interaction with the stellar matter. Apart from physical uncertainties in the cross
sections of neutrino-matter interactions, neutrino transport is numerically a very chal-
lenging problem because of the high dimensionality of the distribution function of the
neutrinos. It is possible to reduce the dimensionality and, hence, the computational
requirements by solving the equations governing the evolution of the first few moments
of the neutrino distribution function. The equations for the zeroth and first moments
can be written as a hyperbolic system, and therefore can be treated numerically with
standard methods for hyperbolic systems.

I will describe a code employing high-order reconstruction methods and multi-
stage (MUSTA) approximate Riemann solvers to solve the MHD equations coupled
to the system of neutrino moments as well as simulations addressing the issue of field
amplification in core-collapse supernovae and gamma-ray bursts, viz. local simulations
of MRI-unstable flows in supernova cores and Kelvin-Helmholtz-unstable shear layers
in mergers, and global models of collapsing stellar cores. Though these simulations
do not yet put us in a position to answer the question for the origin of strong fields
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and their dynamic feedback, I will point out some of their most important results and
conclusions for future investigations.

Keywords: Hydrodynamic and hydromagnetic problems, Radiatiave transfer
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Abstract A common element across multiple, often independent, disciplines is that
almost all complex systems occurring in geophysical, space, astrophysical, engineering,
and even biological environments comprise multiple gas, fluid, or plasma components
that are mutually coupled across many spatial and temporal scales via collision-like
integral terms. The “collisional terms” may incorporate processes as diverse as chem-
ical kinetics, charge-exchange, coagulation, etc. The range of scales found in complex
systems often requires that some constituents must be modeled using a Boltzmann-
like transport equation rather than a continuum system of equations. Continuum,
or fluid-dynamics-like, systems of equations have been explored computationally for
a variety of applications in considerable depth over the past 15 years but the devel-
opment of models that incorporate a multiplicity of temporal and spatial scales and
collision-like integral terms have received very little attention despite their consider-
able importance.

Flows of partially ionized plasma are frequently characterized by the presence
of both thermal and nonthermal populations of ions. Such flows cannot be mod-
eled using traditional MHD equations. When non-thermal ions are formed due to
charge exchange and/or collisions between the thermal (core) ions and neutrals, they
experience the action of magnetic field, their distribution function is isotropized by
wave-particle interaction, and they soon acquire the velocity of the ambient plasma
flow without being thermodynamically equilibrated with the core plasma. This oc-
curs, e. g., in the outer heliosphere – the part of interstellar space beyond the solar
system whose properties are determined by the solar wind (SW) interaction with the
local interstellar medium (LISM). Collisions between atoms and ions in heliospheric
plasma are so rare that they should be modeled kinetically. On the other hand,
PUIs born when LISM neutral atoms charge-exchange with SW ions represent a hot,
non-equilibrium component and also require a proper kinetic treatment.

Using Chombo as an adaptive mesh refinement (AMR) framework, we have imple-
mented a suite of numerical codes (Multi-Scale Fluid-Kinetic Simulation Suite, MS-
FLUKSS) that allows to perform high resolution simulations of MHD, multi-fluid,
and MHD-kinetic flows. The AMR implemented in both Cartesian and curvilinear
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coordinate systems allows us to perform a detailed analysis of discontinuous flows in
the presence of shocks, tangential discontinuities, and current sheets [1]. Our physi-
cal model assumes that charged and neutral particles are governed by different sets
of equations (MHD and kinetic Boltzmann) self-consistently connected by a vector
source term responsible for charge-exchange collisions between these particles. The
MHD subsystem consists of the conservation laws for the ion-electron mixture and is
solved with the Godunov-type schemes accompanied by an efficient implementation
of the far-field boundary conditions [2]. The Boltzmann equation is solved by a Monte
Carlo method using a variable-weight particle approach, which increases the efficiency
of the method substantially [3, 4]. A level-set method is implemented to describe the
evolution of flow separation surfaces and current sheets.

We describe the peculiarities of coupling the MHD and Boltzmann equations and
present numerical results of the SW–LISM interaction modeling obtained with MS-
FLUKSS. The emphasis is on high-resolution time-dependent simulations requiring
AMR simulations on leadership supercomputers. The influence of the interstellar
magnetic field and directions covering the range from sub- to super-fast MHD flows
is analyzed by comparing numerical simulations with observations. It is shown that
the presence of ion-neutral interactions can dramatically change the character of the
stream interaction. The results of the shock-turbulence interaction simulations are
presented obtained with numerical schemes of the second to sixth order of accuracy.
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Abstract Although the Riemann problem is more than 100 years old, it still offers
a fertile ground for research and surprises. I will review our present understanding
of this problem both in relativistic hydrodynamics and in relativistic magnetohydro-
dynamics, highlighting some new developments such the ideas of a hydrodynamical-
boost in astrophysical jets or the ”shock-detector” in numerical hydrodynamics.
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Abstract In this paper we present a study on the behaviour of sediment transport
models with an adaptation source term representing the time or space required by the
concentration to adapt to the flow conditions. In particular, the paper investigates the
asymptotic behaviour, for values of the adaptation length approaching zero or infinite,
of two finite-volume Godunov-type numerical models with mobile bed. Considering
the asymptotic behaviour of the mathematical model, for vanishing values of the
adaptation length, the model tends to the case of immediate adaptation. Vice-versa,
when the adaptation length tends to infinite, we end up with a fixed bed model.
On the other hand, two Godunov-type numerical models have been considered, one
based on the LHLL Riemann solver (Fraccarollo et al., 2003), and the other based
on a generalized Roe solver (Rosatti et al., 2008). The obtained results show that
when the adaptation length tends to infinite the models converge correctly to the
fixed bed case. However, when the adaptation length tends to zero, both models fail
to converge to the immediate adaptation scheme for Froude numbers greater than
roughly 0.8. We show that the reason of this behaviour is intrinsic to the hyperbolic
structure of the models, which is dictated by the homogeneous part of the governing
equations system. Thus, adaptive models present the same eigenstructure of fixed bed
models, while models with immediate adaptation have the typical eigenstructure of
mobile bed models. Thus, models with adaptation terms cannot converge to mobile
bed models (case of vanishing adaptation length) because, when Froude is larger than
1, they cannot develop the wave propagating in the negative direction that is always
present using a system of equation corresponding to a mobile bed model. Clearly,
the problem arises when the flow becomes supercritical, because negative eigenvalues
are not possible, and can be also seen when the Froude approaches unity. This
study shows that adaptive models present the same eigenstructure of the fixed bed
ones. Therefore, in general, they cannot converge for values of the adaptation length
approaching zero.
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Abstract Shallow water models provide a useful and efficient tool in order to study
environmental free surface flows. In this field, two-dimensional depth averaged mod-
els have become very popular not only to compute the hydrodynamics, but also to
compute the dispersion of contaminants, sediment transport, or any other physical
process which depends on the water depth and velocity fields.

The numerical discretisation of the convective flux in the shallow water equations
has been extensively studied in many previous works [1, 3]. These works have shown
that it is important for the numerical discretisation of the bathymetry to be related
to the discretisation of the convective flux in order to have a well-balanced scheme.
The same applies for the discretisation of any scalar transport equation linked to the
hydrodynamic equations [2]. The scalar transport is strongly determined by the veloc-
ity and water depth fields. Therefore, in order to define a well-balanced conservative
scheme, the numerical discretisation of the hydrodynamic and the scalar transport
equations cannot be done independently of each other. This means that it is not only
important to consider the flow field, but it is also necessary to take into account the
numerical scheme used to discretise the hydrodynamic equations, in particular the
mass conservation equation, otherwise the resulting scheme for the scalar transport
equation might not be conservative. This is specially true in the presence of unsteady
wet-dry fronts, because in those cases the numerical implementation of the wetting
and drying algorithm defines how the water front moves and therefore, how the mass
of the scalar is transported through the domain.

In this paper we analyse the previous issues using a finite volume solver for the
hydrodynamic equations. First, we analyse the implications that the discretisation
used for the bathymetry and convective flux have in the numerical scheme used to
solve a scalar transport equation linked to the shallow water equations. An alternative
discretisation for computing the convective transport of a scalar is proposed, which
guarantees the mass conservation of the scalar in the presence of unsteady wet-dry
fronts over irregular bathymetries. Several test cases are used to show the accuracy
and stability of the different discretisation alternatives.
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Abstract In recent years there has been increasing interest in the understanding
and numerical simulation of Bingham fluid flows: see [5] for a review. Bingham fluids
behave rigidly below a certain strees yield and flow as an incompressible viscous fluid
above that yield. Recently, the authors in [2] have deduced a viscous shallow water
formulation for a Bingham fluid in the particular case of a plane slope bottom. The
model has been applied to the simulation of avalanches in mountainous regions.

Our work focuses on the numerical analysis of the shallow water model in [2], which
consists of a mass conservation law coupled with a variational inequality related to
the conservation of momentum, which takes into account the viscoplastic behaviour
of the fluid.

The conservation law is solved be means of a well-balanced finite volume method,
built along the guidelines in [3]. In particular, the method is able to preserve station-
ary solutions representing material at rest, and also stationary solutions of constant
height over an inclined plane.

The solution of the variational inequality is approximated by using a duality
method. In particular, we have adapted to this case the Bermúdez-Moreno dual-
ity algorithm [1], which is based on the properties of the Yosida regularization of
maximal monotone operators. An important issue in the numerical model is the cou-
pling of the finite volume solver with the duality method, that must be performed
maintaining the well-balancing properties.

The convergence of the Bermúdez-Moreno algorithm depends strongly on the
choice of two constant parameters. To overcome this difficulty and improve the rate
of convergence, we have also adapted the algorithms studied in [4] and the references
therein, for which an automatic selection of the parameters is carried out.

Several experiments are shown to test the performances of the proposed coupled
method, both in the one- and two-dimensional cases. Moreover, comparisons with
the Augmented Lagrangian approach in [2] are also presented.
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Abstract In this work we compute the numerical solution of a global climate model
in which the effect of latent heat of fusion for ice is taken into account. The model
is based on that proposed by Watts y Morantine in [4] but including a coalbedo
temperature dependent and also the previously mentioned latent heat of fusion.

One of the main features of the model, which makes the problem particularly inter-
esting, is the dynamic and diffusive boundary condition that represents the coupling
between ocean and atmosphere. The numerical method used is a finite volume scheme
with high order WENO reconstruction in space and third order Runge-Kutta TVD for
time discretization. The nonlinearity due to the latent heat is solved by means of an
iterative scheme based on a combination of Newton-Raphson and bisection methods.

Results of the continuous model can be found in [1] y [2]. Numerical results can
be found in the reference [3].

This work has been carried out in collaboration with J.I. Dı́az and L. Tello.

Mathematics Subject Classification 2000: 65N08, 35Q80
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Abstract The residual distribution framework was developed as an alternative to
the finite volume approach for approximating hyperbolic systems of conservation laws
which would allow a natural representation of genuinely multidimensional flow fea-
tures. The resulting algorithms are closely related to conforming finite elements, but
their structure makes it far simpler to construct nonlinear approximation schemes,
and therefore to avoid unphysical oscillations in the numerical solution. They have
been successfully applied to a wide range of nonlinear systems of equations, produc-
ing accurate simulations of both steady and, more recently, time-dependent flows (see
[1, 3] for fairly recent reviews of the development of these algorithms).

When designed carefully, residual distribution schemes have the following very
useful properties.

• They can be simultaneously second order accurate (in space and time) and free
of unphysical oscillations, even in the presence of turning points in the solution.
Even higher order accuracy can also be achieved, but a form of limiting has to be
applied, which reverts to the second order scheme, where unwanted oscillations
would otherwise appear. This differs from finite volume schemes, which almost
invariably drop to first order accuracy when limiters are applied.

• The CRD (Conservative Residual Distribution) formulation [2] provides a very
natural way to approximate balance terms in a manner which automatically
retains equilbria inherent in the underlying system.

• It is possible to construct residual distribution schemes which allow for a discon-
tinuous representation of the dependent variables [4]. In particular, the inclusion
of discontinuities in time allows for the development of schemes which are un-
conditionally positive [5], i.e. they are free of unphysical oscillations whatever
size of time-step is taken.

This presentation will discuss the application of residual distribution to steady
and time-dependent shallow water flows. It will include an overview of recent work,
such as that of Ricchiuto and Bollermann [6], and progress on the development of
a second order accurate, unconditionally positive, well-balanced scheme for the two-
dimensional shallow water equations with variable bed topography.
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Abstract Flood propagation over urban areas can cause an interaction between the
free-surface flow and large underground pipe networks used for storm drainage and
sewage, causing outflows and inflows at the bed. The associated waves may collide
with each other and the surface waves. In this paper the shallow water equations
are used to model this type of wave interaction over dry or wet beds with friction
terms and sharp gradients in the bathymetry. The proposed shallow water scheme
is solved based on finite volume high-resolution Godunov-type methods. The solver
is well-balanced and uses a new type of wave speed based on the combination of ex-
act and approximate Riemann speeds for propagation over nearly dry and dry states
with depth-positive results. Additionally a new type of source term in the continuity
equation defined by the authors [1] for 1-D problems is extended to 2-D to model pipe
inflow and outflow conditions from underground sewage networks.
For standard 1-D problems the solver is used to model dam-break problems over wet
and dry states with the interaction of efflux flows including flow over a step change
in the bed. For problems with influx/efflux source terms comparisons are made with
STAR-CD, a commercial Navier-Stokes solver for general fluid flow prediction. An
efflux number, En, is defined based on the vertical efflux velocity and the gap length.
The model gives good predictions at all times provided En <0.5, and after the initial
stages for En >0.5 [1].
To solve two-dimensional problems the shallow water scheme uses the dimensional-
splitting method which solves each one-dimensional Riemann problem in the x- and
y-directions separately. The cross-derivative terms for second-order accuracy are in-
corporated by solving another Riemann problem in the orthogonal direction. Good
agreement is obtained between the two-dimensional shallow water model and STAR-
CD for the efflux numbers of En <0.5.
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For modelling the inundation problem over an underground pipe network the solver
is coupled with a general underground pipe network solver to calculate the efflux
discharges as the flood water pass through the pipe network. For analysing the pipe
network with unknown effluxes an additional set of equations is incorporated into the
solution of a general pipe network solver. The shallow water solver coupled to an
underground pipe network is then used to simulate dam-break interaction with pipe
networks and solid blocks with 9 and 25 nodes (Figures 1 and 2) which demonstrate
the versatility of the method.

(a) (b)

Figure 1: Dam-break propagation over sewage pipe network of 25 nodes for time t =
4s (a) 3-D surface plot, (b) contour plot. Colours blue to red correspond to the water
depth 0-0.6m.

(a) (b)

Figure 2: Dam-break propagation over sewage pipe network of 9 nodes with block
interactions for time t = 4s (a) 3-D surface plot, (b) contour plot. Colours blue to
red correspond to the water depth 0-0.6m.
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Abstract Numerical methods to predict the water profile and discharge variations
in the case of steady and unsteady flows in hydraulic systems modelling have become a
common tool. Upwind methods in particular have proved a suitable way to discretize
the shallow water equations.

Finite difference schemes for time dependent equations are traditionally divided in
two main groups, according to the way of discretization used for the time derivative,
as explicit and implicit. Implicit schemes offer unconditional numerical stability at the
extra cost of having to deal with the resolution of an algebraic, and often nonlinear,
system with as many unknowns as grid points at every time step. On the other
hand, conceptual simplicity is the most valuable characteristic of the former in which
variables at a future time can be independently evaluated at every single point. The
allowable time step size is nevertheless restricted by stability reasons to fulfil the
Corant-Friedrichs-Lewy (CFL) condition.

Is is possible to relax the condition over the time step size when using explicit
schemes. A generalization of the first order explicit upwind and Roe method (see
Roe 1981), modified to allow large time steps, was explored by Leveque (see Leveque
1981, Leveque 1985) first in the scalar non-linear case and then adapted to systems
of equations. It becomes stable for CFL’s larger than 1 and provides an accurate and
correct solution of shocks. The technique is devised to cope well with flow transients
and even discontinuities far from the boundaries, being able to give a resolution of
the shocks even sharper for CFL>1. When rarefactions containing a sonic point are
present it needs some adjustments and the preferable procedure is not clear. A way
to overcome that situation will be proposed and explored.

The extension of the explicit method considers situations with or without source
terms. In the first case, they are discretized according to the upwind formulation (see
Murillo et al., 2010). Also, the use of this technique at open and closed boundaries is
considered.

The outline is as follows: the one dimensional discretization is described first, for a
scalar equation. After, the performance of the scheme is evaluated to solve the shallow
water equations and the way to deal with bed slope and friction source terms was
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incorporated into the proposed procedure. Steady open channel flow problems with
analytical solutions and where bed slope and friction source terms play an important
role are used as validation test cases. Also this method has been tested for the ideal
dam break problem and other Riemann problems with analytical solutions.
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[8] J. Murillo and P. Garćıa-Navarro. Weak Solutions for Partial Differential
Equations with Source Terms. J. Comp. Physics, 229, 4327–4368, 2010.
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Abstract Approximate solutions of problems with m equations with source terms
can be defined using an augmented Riemann solver with m + 1 states instead of
increasing the number of involved equations. These weak solutions use propagating
jump discontinuities connecting the m+1 states to approximate the Riemann solution,
and are of great interest when applied to the shallow water equations in complex
scenarios. The average of the propagated waves in the computational cell leads to a
reinterpretation of the Roe’s approach and in the upwind treatment of the source term
of Vázquez-Cendón. It is derived that the numerical scheme can not be formulated
evaluating the physical flux function at the position of the initial discontinuities,
as usually done in the homogeneous case. From the analysis of the approximate
solutions it is possible to establish the water depth positivity requirement, providing
correct rules to control the global stability of the method. The stability region is
shown to differ from the one defined for the case without source terms, explaining the
appearance of negative values of the thickness of the water layer in the proximity of
the wet/dry front. In cases of deformable bed the complete system can be formed by
a set of coupled partial differential equations and it is possible to define a genuinely
Roe-type first order scheme, leading to an augmented Roe Riemann solver, by means
of the reconstruction of a Jacobian matrix that integrates both fluxes and source
terms. In this way it is also possible to provide correct rules that control the global
stability of the method.
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Abstract In this paper a Smoothed Particle Hydrodynamics (SPH) numerical model
for SWEs with slope source term balancing is presented. The solution of the Shallow
Water Equations (SWEs) using smoothed particle hydrodynamics (SPH) is attrac-
tive being a mesh-free, automatically adaptive method without special treatment for
wet/dry interfaces. Recently the capability of the SWE-SPHs numerical scheme of
being conservative and shock capturing has been shown obtaining results similar to
Finite Volume [5]. The capability of the numerical model to reproduce steady state
at rest is considered a fundamental feature to obtain reliable simulations of floodings
over bathymetry, and it has been obtained by different authors in the framework of
Eulerian schemes such as Finite Volume [1, 2, 3, 4]. To the authors’ knowledge the
formulation proposed here is the first well-balanced correction for Lagrangian schemes
such as SPH.
In the classical SPH formulation for the SWEs the water depth is calculated directly
by means of an SPH approximation through the fluid particles, the bottom source
term is calculated using a different set of particles called bottom particles. The key
idea adopted herein is to link these two formulations: the water depth of each fluid
particle is calculated as the difference between the water surface and the bottom el-
evation; moreover a new, more accurate method for the bed slope source term based
on the fluid particles is also adopted.
The technique is first applied to the simulation of still water in presence of a bottom
discontiuity. Figure (1) shows the Froude number and the water elevation at time 2
s: the Froude numbers are of the order of magnitude of 10−5, and they are due to the
residual error in the SPH interpolation used for the water surface elevation. Figures
(2 - 3) show the results of two dam breaks over a step with and without wet bed,
compared against the analytical solutions, the Figures (2 - 3) show the same test cases
using the classical SPH-SWEs formulation. With no balancing correction the SPH
scheme is not able to reproduce the analytical solution, whereas the numerical resuts
obtained with the correction are in good agreement with the analytical solution.
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Figure 1: still water simulation over a step: non dimensional velocity (a) and water
surface elevation (b) at time 2 s
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Figure 2: Riemann problem of SWE with a bottom step with wet bed: water surface
elevation at time 1 s (a) simulation with step correction, (b) without step correction
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Figure 3: Riemann problem of SWE with a bottom step with drybed : water surface
elevation at time 0.8 s (a) simulation with step correction, (b) without step correction
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Flooding simulations with subgrids

V. Casulli1 G.S. Stelling2

Minisymposia: Recent advances in the numerical computation of environmental
conservation laws with source terms

Abstract To simulate floodings due to dam breaks or other causes such as rain
storms and storm surges, two flow types play an important rol: overland flow and
rapidly varying flows. Overland flow is dominated by friction and rapidly varying
flows, such as bores and hydraulic jumps, are dominated by conservation laws. GIS
systems now a day contain very detailed DEM’s (digital elevation models) with more
data points than can be handled by a numerical simulation of flooding of a large
area. The sub-grid method, as proposed by Casulli [1], however allows the use of very
detailed bathymetric data without the need for flow variables at every pixel.

This contribution shows optimal flooding simulations that are based on this sub-
grid approach. Special pixel integrated treatment of non-linear volumes, of momen-
tum conservation and of bottom friction allows accurate solutions for realistic and
detailed terrain models. The flows include rapid local variations and overland flow
with frontal contact discontinuities. A number of examples will be given.
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Dynamics of gravitational instabilities
on Earth and on Mars

Anne Mangeney1

Antoine Lucas, Pascal Favreau, Lev Tsimring, François Bouchut

Keywords: Gravitational instabilities, debris flows, avalanches

Minisymposia: Seismology and geophysics modelling

Abstract Gravitational instabilities such as debris flows, landslides or avalanches
play a key role in erosion processes on the Earths surface and represent one of the
major natural hazards threatening life and property in mountainous, volcanic, seismic
and coastal areas. A great amount of experimental, numerical and field studies have
been devoted to analyze the physical processes involved in gravitational flows and to
propose rheological models describing their behavior. Even though recent rheological
models for granular materials are able to reproduce some basic features of granular
flows in laboratory, they fail in simulating real landslides with realistic rheological pa-
rameters. As a result, the physical processes at work during debris flows or landslides
are still an open question. In particular, there is no consensus to explain the high
mobility of natural avalanches.

A new model able to describe natural debris flows over complex topography is
presented here. At the same time, the models currently used for avalanche modeling
and their predictive power will be discussed, in the light of laboratory experiments
on granular flows and of application to real cases on Earth and on Mars. Finally, a
new methodology for measuring the dynamics of natural landslides will be proposed
based on the study of seismic waves generated by these gravitational flows. This
approach consists of solving two systems of hyperbolic equations: the equations for
granular flow dynamics and those for seismic wave propagation. We show that simu-
lation of the seismic signal generated by landslides makes it possible to discriminate
between possible alternative scenarios for flow dynamics and to provide first estimates
of the rheological parameters. As landslide generated seismic waves are continuously
recorded by seismic networks, our results provide a new way to collect data on the
dynamics and rheology of natural flows.

1Anne Mangeney,
Professor at University Paris-Diderot,
Institut de Physique du Globe de Paris
mangeney@ipgp.fr
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Two-phase models for debris flows

F. Bouchut1 E.D. Fernández-Nieto2 A. Mangeney3 G. Narbona-Reina2

Keywords: Debris flows, avalanches, two-phases, buoyancy.

Minisymposia: Seismology and geophysics modelling

Abstract This work deals with the mathematical modelling of some geophysical
mass flows regarding a mixture of solid material and interstitial fluid in order to
simulate avalanches evolution.

Savage and Hutter presented in 1989 a pioneering work on the study of aerial
dry granular avalanches. A model of shallow water type in local coordinates on an
inclined plane is obtained. This model includes a Coulomb friction term that depends
on the internal friction angle.

Interaction forces between solid and fluid phases may play an important role in
landslides. Iverson and Denlinger argued in [5] that this fact should be included in the
constitutive behavior of the flowing material, so in this paper the authors developed
a system of mass and momentum balance laws for the mixture.

Anderson and Jackson presented in [2] the so called two-phase model based on
an averaging of mass and momentum balance laws for fluid and solid separately.
Interaction between the two phases are modelled including buoyance effects.

Pitman and Le proposed in [3] an averaged model considering mass and momentum
equations for both the liquid and the solid phase based on the previous equations of
Anderson and Jackson.

In [4] a modified Pitman and Le model is analyzed and numerically solved. The
presented two-phase system differs from the original one in the description of the fluid
phase dynamics, and it has the new property of recovering a conservative equation
for the momentum of the mixture.

In this work we propose a two-phase model for the study of partially fluidized aerial
avalanches. This model is also based in the equations proposed in [2]. It considers
mass and momentum equations for both liquid and solid phases and buoyancy effects.
The main difference with Pitman-Le model is the existence of an associated energy.
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Meshless methods for lava flow modeling and
simulation†

G. Bilotta G. Russo1 A. Hérault C. Del Negro A. Vicari2

Keywords: meshless methods, SPH, MLS, lava flow, fluid/solid interaction

Minisymposia: Seismology and geophysics modelling

Abstract We present an innovative approach based on mesh-free (particle) methods
for the simulation of the fluid-dynamics and thermal aspects of lava flows, a challeng-
ing task with critical importance in applications such as volcanic hazard assessment.
The coupled fluid/thermal equations are solved with a Smoothed Particle Hydrody-
namics (SPH) approach, with corrections based on the Moving Least Squares (MLS)
method to improve the accuracy in the computation of second-order derivatives. The
model is extended to include solid/fluid interactions within the same purely mesh-free
method (figure 1).

Figure 1: Pure SPH simulation of water pushing a block

Our approach allows us to easily model a variety of different rheologies, and in
particular Newtonian, Bingham and Hershell-Bulkley fluids, with constant as well as
temperature-dependent viscosity parameters. Complete information about all prop-
erties of the flow can be easilt extracted (figure 2). Prospective applications include
volcanic hazard assessment as well as verification and advancements in the physi-
cal models for lava, and for relationships, such as the one between effusion rate and
thermal flux, which have important applications in monitoring and forecasting.

†Work undertaken with the financial support from the V3-LAVA project (INGV-DPC 2007-2009
contract)
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Figure 2: Temperature and velocity evolution during a simulated lava flow
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Finite volume schemes for balance laws on
time-dependent surfaces

J. Giesselmann1

Keywords: Conservation laws with source terms, Finite volume schemes, Rieman-
nian manifolds
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Abstract In many applications conservation laws are not posed in Euclidean space
but on surfaces or more generally Riemannian or Lorentzian manifolds. Such problems
and their solution by finite volume schemes have been investigated in several papers
[1, 2, 5, 7]. The problem becomes more involved, when the geometry of the manifold
changes in time. This might occur when we are interested in processes taking place on
the surface of (biological) cells, e.g. receptor clustering, or on the interfacial manifold
between different phases in three dimensional multiphase flow [4]. Given a scalar
balance law on some moving, closed surface M(t), we obtain - by mapping the surface
to a reference configuration using isometrics at each time - a problem on a fixed, closed
manifold M equipped with a family of Riemannian metrics {g(t)}t∈R+ changing in
time:

ut +∇g(t) · f(x, t, u) = −1
2

trg(t)(gt(t)) + q(x, t, u) in M × R+, (1)

u(·, 0) = u0 on M. (2)

Here u(x, t) ∈ R is the unknown, f(x, ·, ·) : R+ × R → TxM for every x ∈ M, is
the flux function, q : M × R+ × R → R is the source term and u0 ∈ L∞(M) is the
initial data. In addition trg(t)(gt(t)) denotes the trace of the time derivative gt(t)
with respect to g(t) and ∇g(t)· is the divergence operator induced by g(t). Problem
(1) fits (for q = 0) into the very general framework of finite volume schemes based on
differential forms [6]. However to treat source terms and not divergence-free fluxes,
we remain with the more tangible setting (1).

Given a triangulation of M with cells K and faces e, and a time sequence 0 =
t0 < t1 < . . . we propose a finite volume scheme given by

u0
K =

1
m0(K)

∫
K

u0(x)dvg(0)(x), (3)

un+1
K = un

K −
∑

e∈∂K

tn+1 − tn

mtn+1(K)
fn

K,e(un
K , un

Ke
) + qn

K , (4)

qn
K =

1
mtn+1(K)

∫ tn+1

tn

∫
K

q(x, t, un
K)dvg(t)dt− un

K

mtn+1(K)−mtn(K)
mtn+1(K)

,(5)

uh(x, t) = un+1
K when t ∈ [tn, tn+1), x ∈ K, (6)
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where mt(K) denotes the volume of K at time t, Ke is the cell sharing the face e
with K, the fn

K,e are numerical flux functions satisfying conservation, consistency and
monotonicity conditions and dvg(t) is the volume form induced by g(t).

We present numerical experiments and, generalzing ideas from the Euclidean set-
ting [3], a convergence analysis of the scheme (3)-(6).
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Finite volume schemes for nonlinear dispersive wave

equations

D. Dutykh1 Th. Katsaounis2 D. Mitsotakis3

Keywords: Water waves, dispersive waves, Boussinesq equations, finite volumes,
runup

Minisymposia: Seismology and geophysics modelling

Abstract Finite volume schemes are commonly used to construct approximate so-
lutions to conservation laws. In this study we extend the framework of the finite
volume methods to dispersive water wave models, in particular to Boussinesq type
systems [1]. We focus mainly on the application of the method to bidirectional nonlin-
ear, dispersive wave propagation in one space dimension. Special emphasis is given to
important nonlinear phenomena such as solitary waves interactions, dispersive shock
wave formation and the runup of breaking and non-breaking long waves [2].
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Université de Savoie, Campus Scientifique
73376 Le Bourget-du-Lac, France
Denys.Dutykh@univ-savoie.fr

http://www.lama.univ-savoie.fr/ dutykh/

2Department of Applied Mathematics
University of Crete, 71409 Heraklion, Greece
thodoros@tem.uoc.gr

http://www.tem.uoc.gr/ thodoros/

3IMA, University of Minnesota
Minneapolis MN 55455, USA
dmitsot@gmail.com

http://sites.google.com/site/dmitsot/

115



Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

Tsunami modelling using high order finite volume
schemes on GPUs
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Gonzáldez-Vida1 J. Maćıas1 J.M. Mantas3 T. Morales1 S. Ortega1 C.

Parés1

Keywords: Tsunami modelling, High order finite volume schemes, GPUs, CUDA

Minisymposia: Seismology and geophysics modelling

Abstract In this talk, we present a two-layer model of Savage-Hutter type to model
tsunamis generated by landslides. A layer composed of fluidized granular material is
assumed to flow within an upper layer composed of an inviscid fluid (e.g. water). The
sediment layer is modelled by a Savage-Hutter type model where buoyancy effects has
been considered (see [5] for more details).

(a) Cape Tres Forcas/Melilla. Time t = 22 min.

(b) Spanish coast (Málaga). Time t = 56 min.

Figure 1: Free surface at different locations and times in the Alboran Sea.
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The system is discretized using a high order PVM finite volume scheme. PVM
(Polynomial viscosity matrix) schemes are defined in terms of viscosity matrices com-
puted by a suitable polynomial evaluation of a Roe matrix (see [2] and [3]). These
methods have the advantage that they only need some information about the eigen-
values of the system to be defined, and no spectral decomposition of Roe Matrix is
needed. As a consequence, they are faster than Roe method. In fact, these methods
can be seen as a generalization of the schemes introduced by Degond et al. in [4]. We
will see that some well known solvers such as Rusanov, Lax-Friedrichs, FORCE ([6],
[1]), GFORCE (see [7], [1]) or HLL can be written like a PVM scheme.

Finally some hints about the efficient implementation of such schemes on GPUs
will be given and realistic applications will be shown, as the simulation of a tsunami
generated by a submarine landslide in the Alboran Sea (see Figure 1).
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On multilayer shallow water systems
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Abstract The work is devoted to the derivation of a multilayer shallow water model.
Considering flows with large friction coefficients, with significants water depth or
with important wind effects, the horizontal velocity can hardly be approximated by a
vertically constant velocity as in the classical shallow water system. In [2] multilayer
shallow water model is proposed, by considering a constant profile of the horizontal
velocity at each layer and by including mass and momentum exchange terms between
the layers.

In this work, starting from the 2D instationary incompressible Navier-Stokes equa-
tions and following the technique introduced in [1], we derive a model where the
unknowns are the horizontal and vertical velocity as well as the pressure. The hor-
izontal velocity averaging in each layer and the incompressible property lead to a
mass equation involving the mass exchanges through the upper and lower interfaces
of this layer. The system with that mass equation and the 2D Navier-Stokes problem
is first time-discretised in each layer leading to a non linear problem, which is next
written in a 2D mixte variational form. Afterwards, the proposed model is obtained
by the projection of the 2D variational form on subspaces chosen by specifying the
dependence on the vertical variable of the unknown functions.

As a particular case we obtain a multilayer shallow water model with hydrostatic
pressure, where the unknowns are the height of the fluid and the horizontal velocities
at each layer, similarly to the model proposed in [2]. Althougth the definition of the
momentum transference terms are different for these two models.

Finally, we present some numerical tests.

References

[1] Mohamed Amara , Daniela Capatina and David Trujillo. Variational
Approach for the Multiscale Modeling of an Estuarian River. Part1: Derivation
and Numerical Approximation of a 2D Horizontal Model. Report, INRIA, 2008,
no RR-6742 http://hal.inria.fr/inria-00342858/en/

[2] E. Audusse, M. O. Bristeau, B. Perthame and J. Saint-Marie. A Multi-
layer Saint-Venant System with Mass Exchanges for Shallow Water Flows. Deriva-
tion and Numerical Validation. M2AN Math. Model. Numer. Anal. 45, 169-200,
DOI: 10.1051/m2an/2010036, 2011.

118



1Dpto. Ecuaciones Diferenciales y Análisis Numérico
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Parallel Session: High order methods for hyperbolic conservation laws

Abstract There are three strategies considered useful to reach high order time
integration:

1. The first idea is to search for high order approximations of the time derivative
in order to formulate a single step method, as in [2] or in [4]. The main draw-
back of this technique in conservation laws is that it involves the calculation of
differential tensors of increasing order and complexity depending on the desired
accuracy.

2. A second family of methods is based on the Runge-Kutta approach. An interpo-
lation is made among several simple substeps within every time step. The main
advantage of these methods is that they ensure the TVD property provided that
they are defined in a convenient form based on positive coefficients [1, 3].

3. As a third option the multistep methods involve the numerical solutions from
previous time steps. These methods also ensure the TVD property when based
on positive coefficients. The obvious difficulty is that there are no solutions
avalaible at the beginning of the simulation. Therefore, they need to be com-
bined with one of the previous approaches.

In this work the three strategies are formulated and the results are compared.
Also, the interest of building a combination of them is explored.
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Abstract It has been around three decade since CFD community is celebrating
the class of high resolution (HRS) total variation diminishing (TVD) schemes for
excellent results and theoretical support e.g. [3, 1, 2, 4, 5] . We can classify high
resolution scheme into Central difference and upwind biased schemes. In this work
we investigate the relation between the TVD region of high resolution schemes using
flux limiters and its dependence on the smoothness parameter.

Among all, the approach proposed by Sweby can be considered a representative
framework for designing central difference based high resolution total variation di-
minishing schemes using flux limiters [1]. More importantly a TV stability region
is given for flux limiters to yield total variation diminishing schemes (Figure 1 left).
Later tremendous development took place in designing a variety of high resolution
schemes and flux limiters. The most unique feature for all these limiters is that they
satisfy the TVD stability region proposed in [1]. It seems that no attempt are made
to find alternate TVD region except in [4], where a general framework is proposed to
construct upwind biased high resolution TVD schemes using flux limiters. A entirely
new TV stability region and a class of new limiters for proposed schemes are designed
which satisfies the TVD region (Figure 1 right). In this work, we give unifying re-
lation for the well known TVD region for flux limiter proposed in [1] and [4]. This
unification enable the chance to use flux limiters proposed in [4] with the classical flux
limiter e.g, Superbee, min-mod, vanleer etc based high resolution schemes. Limiters
which satisfies both class of TVD regions are investigated and applied to some high
resolution schemes for comparative study.
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A numerical treatment of wet/dry zones in
Well-Balanced Hybrid Schemes for Shallow Water

Flow
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Keywords: Numerical Methods, Hyperbolic Equations

Parallel Session: High order methods for hyperbolic conservation laws.

Abstract In [1] we have proposed a novel numerical technique to obtain second
order, high resolution shock capturing schemes for hyperbolic balance laws. It is
based on the ‘homogeneous form’ of the balance law, as defined in [2], and makes use
of flux-limiting concepts in hybrid schemes developed for homogeneous conservation
law. The analysis in [1] is rather general, and identifies the key elements necessary to
obtain a well balanced scheme.

In [3] we generalize this technique to hyperbolic systems of balance laws. The
application to the shallow water system carried out in [3] shows that we indeed obtain
a hybrid scheme with all the expected properties. Here we analize the modifications
needed in order for the scheme to solve situations where dry areas occur in shallow
water flows.
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Abstract We consider high order generalized Godunov finite volume methods for
the numerical solution of hyperbolic systems of conservation laws in one spatial di-
mension,

∂tu+ ∂xf(u) = 0, x ∈ R, t > 0, (1)

with Cauchy data
u(x, 0) = û(x), x ∈ R, t = 0. (2)

Following the ADER state-expansion approach, we approximate the solution at the
cell interfaces by a Taylor-expansion in time,

u(xi+1/2, τ) ≈ u(xi+1/2, 0+) +
r−1∑
k=1

∂kt u(xi+1/2, 0+)
τk

k!
.

Toro and Titarev [2] suggested to compute the time derivatives at the origin that
appear as coefficients in this expansion, u(xi+1/2, 0+), ∂kt u(xi+1/2, 0+), with the help
of a generalized Riemann problem (GRP). The GRP is the initial value problem (1)-
(2) where the initial data consists of piecewise smooth functions and is discontinuous
at the origin. In a generalized Godunov scheme, one uses piecewise smooth functions
that are reconstructed form cell averages.

The approach of Toro and Titarev reduces the GRP to a series of classical Riemann
problems. First, time derivatives are expressed as functions of (lower order) spatial
derivatives by a Cauchy-Kowalewskaya method and then a classical Riemann problem
is solved for each spatial derivative. More precisely, evolution equations of the form

∂t(∂
k
xu) +Df(u)∂x(∂kxu) = Hk(u, ∂xu, . . . , ∂

k
xu) (3)

are used. These equations are then linearised around u(xi+1/2, 0+) and the source
terms are neglected, thus leaving only linear and homogeneous Riemann problems.

Since the solution of the GRP is discontinuous at the origin, it is not straightfor-
ward to show that these equations approximate the exact solution well. Equation (3)
can be derived wherever the solution is smooth, but it is not clear, whether such an
equation holds for discontinuous solutions. It seems to be an open question whether
it is justified to work with the linearised equations.
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We reinterpret the above solution methodology in the context of an asymptotic
expansion for the GRP constructed by LeFloch and Raviart [1]. We show that the
leading coefficients of polynomials appearing in their expansion can be interpreted as
the higher order spatial derivatives of the solution at the origin. For scalar problems,
we show that computing these coefficients is equivalent to solving the linear Riemann
problems occurring in the GRP-solver of Toro and Titarev. We give some preliminary
results on the question whether a similar argument could also work for the case of
systems.
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Abstract Although with ENO and WENO schemes there are higher order alter-
natives, TVD schemes are still in widespread use. One reason for that is the simple
implementation. Other reasons are the – compared to ENO and WENO – compact
stencil and the robustness of the resulting schemes. Unfortunately, in the literature
only a few limiters are treated in more detail. Many limiters are only found or cited
in one or two papers. Some of them are just given as an incidental remark. As a
result, only a small class of limiters is found in textbooks and therefore in practical
use. This class is restricted in two senses: it only contains limiters which do not take
into account the local CFL number, and it only contains symmetric limiter functions,
i. e. the information on the upwind direction is not used. For implicit schemes or for
the computation of steady state solutions, this is no severe restriction since in this
case the choice of the limiter function is restricted to the above mentioned class and
without too much impact on the quality of the results. For explicit codes there is
much more freedom in the choice of limiters. It is possible to use CFL-dependent
limiters, which allow for a better reproduction of amplitudes and even for third order
schemes.
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Figure 1: Shu-Osher problem (shock entropy wave interaction) at t = 1.8; results for
Minmod, Superbee, and an advanced CFL-number dependent limiting strategy

In the last years some comparative studies of numerical schemes were published,
which compare different types of schemes, e. g. TVD schemes to WENO schemes.
Unfortunately all of them treat the schemes as a fixed one, with a fixed setting of
parameters and a fixed limiter. It turns out that in some cases the results for the
TVD scheme could be considerably improved by the choice of an alternative limiter.
An example is shown in Figure 1.
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In our talk, we present and classify limiters which take into account the local
CFL-number. Besides the old limiters—most of them by Roe—,we introduce some
new variants. One of them is a modification of Roe’s original Ultrabee, but slightly
less compressive, in order to reduce the squaring effect. Another limiter is based
on a generalization of the Power-limiter by Serna and Marquina which, in turn, is
based on a generalization of the harmonic mean. It turns out to be a fine choice for
compressive nonlinear waves. Furthermore, we discuss some variants of Roe’s third
order TVD-limiter.

We compare the results obtained with these limiters to standard limiters. The test
cases include linear and nonlinear 1d-problems as well as some 2d-problems. Since
the limiters are originally constructed for 1d linear advection, there are restrictions
for the use on nonlinear waves, on systems, and in 2d- or 3d-settings. We show how
the limiters may be modified for the use on nonlinear waves by using the nonlinear
TVD-condition by Jeng and Payne.
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Abstract In this work, a method based on Legendre polynomials is proposed for
the simulation of the passive transport of a concentration field. The formulation is
conservative, explicit and made in a single step. The spatial accuracy is achieved by
means of polynomial approximations by cell using Legendre series. This kind of spatial
representation is also found in finite element discretization and allows for information
on the variation of the fields at subgrid scale. The time resolution of the transport is
based on both a numerical estimation of the displacement at the advection speed and
a grid deformation, according to the Semi-lagrangian rules, followed by a projection
of the solution on the fixed initial grid.

First, the simulation of the transport in 1D and 2D velocity fields will be presented.
The main interest is focused on the analysis of accuracy and efficiency of the method
when moving from order 1 to order 20 as compared to standard methods of virtual
reconstruction. Even though high order methods are commonly used when a high
accuracy is required, the interest in this work is in the study of the computational
saving that can be achieved if the required accuracy is medium or low. This is possible
thanks to the subgrid information that offers the possibility to solve problems with
enough accuracy using only a few grid cells and high order polynomials. Furthermore,
this enables the use of large time steps hence leading to low computational times.

In a second part, the method will be applied to the simulation of the transport of
a passive solute in 1D and 2D shallow water flows. A technique has been developed
to couple the Legendre schemes to any conservative method used for the resolution of
the shallow water equations. The coupling offers the possibility to combine Legendre
schemes and shallow water solvers of different order of accuracy, always enforcing
conservative and monotone behaviour in the numerical solution of the solute con-
centration. This strategy is interesting since it is possible to require high order of
accuracy only in the solute transport simulation, hence concentrating the computa-
tional effort in the component with more numerical error. The coupled methods will
be applied to solve dam break problems with solute transport in 1D and 2D config-
urations including bed level variations (source terms in the flow equations) in order
to analyze the performance of the proposed coupling technique. Finally, the coupled
method will also be validated using laboratory experimental data of solute transport
in a channel flow.
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Abstract Multifluid flows can be found in a variety of science areas and prac-
tical applications, such as astrophysics and ICF. In this work, an ALE(Arbitrary
Lagrangian-Eulerian) method coupled with five-equation model was proposed based
on a novel closure model for multifluid mixed cells. The five-equation based ALE
method is a two phase ALE method, including a Lagrangian phase and a rezone-
remap phase. In the first phase, a set of multifluid Lagrangian dynamics equations
was discretized with a cell-centered Lagrangian scheme, and a multifluid Riemann
solver was proposed by extending traditional Riemann solver for mixed cells with
different materials. The rezone-remap technique was taken from our previous work
listed in references.

Closure model for mixed cells is the key part of the five-equation based ALE
method, and it was developed based on the analysis of variation relation of volume
fraction in mixed cells with the assumption of isentropic compression. The proposed
model is different from traditional five-equation model, and it is consistent with the
compressibility of different fluids in mixed cells. The five-equation based ALE method
can be used to simulate multi-material flows with large deformation, which is an ob-
stacle for many traditional ALE methods. Moreover, it can be used to simulate
multiphase flows. A series of multi-material and multiphase test problems were sim-
ulated with the five-equation based ALE method, and numerical results agree well
exact solutions and reference results.
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Abstract The accurate numerical solution of the Boltzmann kinetic equation with
the exact or model collision integrals is important in mathematical modelling of
gaseous rarefied flows inside micro-scale systems, for which statistical methods are
inefficient. Although past few years have seen rapid development of numerical meth-
ods and associated computer codes for solving this equation in complex geometries,
there is still much room for improvement in terms of efficiency of time marching, spa-
tial accuracy and parallel scalability before these methods can be used for industrial
applications.

The present talk describes a recent numerical framework and associated family
of implicit unstructured-mesh methods [2, 4, 3] applicable for computing rarefied gas
flows in arbitrary two- and three-dimensional geometries on the basis of the Boltzmann
kinetic equation with the S-model collision integral [1]. The framework circumvents
the deficiencies of the existing methods and consists of the three main blocks: high-
order accurate implicit advection scheme on hybrid unstructured meshes, conservative
procedure for the calculation of the model collision integral and a simple and efficient
implementation on modern high-performance clusters. As a result, it can be used to
model rarefied problems in practical geometries with reasonable computing time.

The performance of the proposed methods is demonstrated on a number of prob-
lems of both academic and practical interests, such as gas through long planar and
three-dimensional microchannels of finite length as well as flows inside micro devices.
The results include estimates of accuracy, demonstration of the gains of the efficiency
due to the implicit time marching as well as the analysis of parallel scalability for up
to 512 cores.
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Abstract. We construct the high order Stochastic Finite Volume (SFV) method and
Global Collocation (GC) method applicable to quantify the uncertainty in hyperbolic
conservation laws with random initial data. We assess the efficiency of the constructed
methods for the numerical solution of the stochastic Burgers equation with two special
cases of uncertainty in the solution: uncertain shock position and uncertain solution
amplitude. We then perform the convergence analysis showing that both GC and
SFV methods are superior to Monte Carlo type methods in the sense of error-work
estimate.

Problem setting. Consider the following multidimensional hyperbolic system with
uncertain initial data:

∂U

∂t
+

N∑
k=1

∂fk(U)

∂xk
= 0, x = (x1, x2, . . . , xN ) ∈ RN , t > 0; (1)

U(x, 0, ω) = U0(x, ω), ω ∈ Ω. (2)

Let yj = Yj(ω) ∈ R, j = 1, . . . ,K, be stochastic variables; then the solution is
parametrized as U = U(x, t,y), where y = (y1, y2, . . . , yK) ∈ RK and ρ(y) is the
probability density function of a given distribution.

We compute the statistical quantities of the solution U(x, t,y), such as its expec-
tation E[U] and variance V[U].

Stochastic finite volume method. The SFV method to solve (1)–(2) is based on
the treatment of the stochastic space as an additional deterministic space and thus
constructing a two-dimensional deterministic finite-volume type method.

Consider the rectangular cell Cij in the (N + K)-dimensional space, where i =
(i1, i2, . . . , iN ), j = (j1, j2, . . . , jK). Define the time-dependent cell average as

Uij(t) =
1

|Cij |

∫
Cij

U(x, t, ξ) dxdξ.
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Integrating the equations (1)–(2) over the cell Cij we get

dUij(t)

dt
|Cij |+

N∑
k=1

∫
Ckij

[
fk
(
Uh(xik+1/2)

)
− fk

(
Uh(xik−1/2)

)]
dCk

ij = 0, (3)

where Uh is the approximate solution and Ck
ij denotes the k-th cell interface.

The resulting SFV scheme will be written as ODE system

dUij(t)

dt
|Cij |+

N∑
k=1

[
fik+1/2(t)− fik−1/2(t)

]
= 0. (4)

To construct the first order SFV method it is sufficient to use the piecewise-
constant solution representation, while the construction of the higher order SFV meth-
ods requires the use of the piecewise-polynomial solution reconstruction according, for
example, to the ENO/WENO procedures. The quadrature rule to approximate the
flux integral in (3) is chosen to guarantee the desired overall scheme order. The re-
sulting ODE system (4) can be solved using the forward Euler or TVD Runge-Kutta
methods.

Global collocation method. The idea of the GC method to solve (1)–(2) is to
compute the integral statistical values, such as mean and variance, using the Gaussian
quadrature rule for the integration with weight ρ(y), namely,

E[U] =

∫
RK

U(x, t,y)ρ(y) dy ≈
N−1∑
j=0

U(x, t,yj)wj .

Here yj denote the Gaussian integration nodes, or collocation points, and wj are
the Gaussian weights, derived for the Gaussian quadrature rule of integration with
weight ρ(y).High order ENO/WENO methods are used to solve the deterministic
problem at each collocation point yj .

In 1d case, if y is distributed uniformly on [−c, c] ⊂ R, i.e. Y (ω) ∼ U [−c, c], then
its probability density function is: ρ(y) = 1, x ∈ [−c, c] and ρ(y) = 0, elsewhere.
The expectation of u can then be computed using the Gauss-Legendre quadrature
rule. If y has a normal distribution on R, i.e. Y (ω) ∼ N [M,σ], then its probability

density function is given by ρ(y) =
1√

2πσ2
e−

(y−M)2

2σ2 . Hence, it is convenient to use

the Gauss-Hermite quadrature rule to obtain the mean and the variance.
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Abstract The Residual Distribution (RD) framework for multidimensional hyper-
bolic conservation laws can be illustrated by considering the scalar conservation law
given by

∇ · f = 0 (1)

on a domain Ω, with appropriate boundary conditions. The residual associated with
a mesh cell E is defined to be

φE =
∫

E

∇ · fdΩ, (2)

and this is then distributed among the vertices of E. Assuming a piecewise linear
representation of the approximate solution leads to the discrete system∑

E∈Di

βE
i φE = 0 ∀i (3)

where the βE
i signify the proportion of the residual in cell E assigned to node i

and Di denotes the subset of triangles containing i. System (3) is solved to find the
approximate solution values at the mesh nodes, typically using a pseudo-time-stepping
approach.

In the case of steady state problems, where f in (1) only has a spatial dependence,
the residual distribution concept has already proven to be very successful. The RD
approach, in a relatively natural manner, enables construction of positive, linear-
ity preserving and conservative schemes able to carry out a truly multidimensional
upwinding for both scalar and systems of hyperbolic conservation laws.

Extension to time-dependent problems is currently a subject of intensive ongo-
ing research. It is possible to develop schemes of the form (3), as derived when
the divergence in (1) includes the time variation, but solving the system (3) at each
time-step is typically very cpu-intensive. To overcome this Abgrall and Ricchiuto in
[1] proposed a framework for explicit, second order residual distribution schemes for
transient problems. In this talk we will present their approach in conjunction with
discontinuous-in-space data representation. This extends previous work on discon-
tinuous residual distribution schemes for steady problems initiated in [2, 3]. It also
extends work of Abgrall and Shu [4] in the sense that it reformulates the Runge-Kutta
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Discontinuous Galerkin (DG) method in the framework of Runge-Kutta Residual Dis-
tribution schemes. This is, briefly speaking, done by considering flux differences (edge
residuals in the RD framework) instead of the fluxes themselves.

Different types of cell– and edge–based distribution strategies can be applied and
we will discuss the most interesting choices characteristic for either RD [2, 3] or DG
type approaches [4, 5]. Numerical results for two-dimensional hyperbolic conservation
laws on structured and unstructured triangular meshes will also be presented. A brief
comparison with other recent developments in the discontinuous residual distribution
framework (i.e. [6]) will also be made.

Keywords: Hyperbolic conservation laws, Time dependent problems, Explicit schemes,
Residual distribution, Runge-Kutta time-stepping, Discontinuous Galerkin
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Abstract: A mathematical model for the group combustion of pulverized coal par-
ticles was developed by Bermúdez et al in [1]. It includes the Lagrangian description
of the dehumidification, devolatilization and char gasification reactions of the coal
particles in the homogenized gaseous environment resulting from the three fuels, CO,
H2 and volatiles, supplied by the gasification of the particles and their simultaneous
group combustion by the gas phase oxidation reactions, which are considered to be
very fast. This model is complemented with an analysis of the particle dynamics,
determined principally by the effects of aerodynamic drag and gravity, and its disper-
sion based on a stochastic model. It was also extended to include two other simpler
models for the gasification of the particles: the first one for particles small enough to
extinguish the surrounding diffusion flames, and a second one for particles with small
ash content when the porous shell of ashes remaining after gasification of the char,
non structurally stable, is disrupted.

The goal of this work is to show how these three models can be applied in the
numerical simulation of group combustion. Here they are used for the analysis of
a simple example of a non-swirling pulverized coal jet with a nearly stagnant air
at ambient temperature, with an initial region of interaction with a small annular
methane flame. The experiment that we have simulated was done in Hwang et al
[3, 4], where a study of the structure of a turbulent pulverized coal jet flame has
been carried out. Firstly, the results obtained with the three versions of the model
are compared among them and subsequently we show how the first of the simpler
models fits better the experimental results. Althought it is shown good agreement
between the experimental measurements and our simulations, it can be seen that the
particle dispersion is overpredicted. This fact could be explained because the BFLs1
model does not consider changes in particle sizes, due to partial disruption or swelling
effects, and also because turbulent dispersion of the particles is overestimated do to
the use of the k − ϵ model and hence larger particles are more dispersed.

Concerning to the numerical methods, to solve the partial differential equations
modeling the gas phase, second order modified Lagrange-Galerkin methods are used.
These modified methods, analyzed in Bermejo and Saavedra [5], have the same accu-
racy as the standard ones but they are much more efficient.
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Abstract Generalised Chapman-Jouguet (CJ) conditions for detonation waves in
heterogeneous high explosives have been recently proposed in Petitpas et al. [2].
These CJ conditions are based on the multiphase flow model of Kapila et al. [3] with
heat and mass transfer (Saurel et al., [1]). Interesting results have been obtained
by Baudin et al. [5] showing detonation velocities greater than the conventional CJ
model. These predictions have shown perfect agreement with experimental measure-
ments. This agreement is due to thermal disequilibrium effects between the phases,
oppositely to conventional CJ relations based on the reactive Euler equations where a
single temperature is present. In the present paper we consider velocity disequilibrium
effects extension. This is rendered possible by the multiphase flow model of Saurel et
al. [4] where velocity drift effects are restored in the Kapila et al. [2] model. A formu-
lation involving both heat and mass transfers in a velocity disequilibrium approach is
built. The model is thermodynamically consistent and its structure renders possible
the determination of definitely generalised CJ conditions as well as detonation wave
structure.
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Abstract This work is concerned with the numerical simulation of detonation wave
propagation in Ammonium Nitrate emulsion explosives. Due to the heterogeneous
nature of the material, the behaviour of the detonation wave is highly non-ideal,
exhibiting curved shock fronts and significant dependency of the detonation veloc-
ity on confiner type and charge diameter. Formulations based on the augmented
Euler equations make assumptions on pressure and temperature equilibrium of the
constituents in order to obtain the mixture equation of state which is required by
this type of model. However it can be shown that typical heterogeneous explosives
are not in temperature equilibrium even at the end of the reaction zone [1, 2]. We
therefore adopt a continuum hydrodynamic representation of the material, in which
each material is represented by an independent set of state variables in order to allow
temperature disequilibrium. Due to the timescales of pressure and velocity relaxation
in heterogeneous explosives, instantaneous relaxation can be assumed [1, 2]. Thus
we adopt a single pressure and single velocity two-phase flow model, referred to as
the five-equation model [1, 4]. The numerical treatment of this system follows the
approach of Saurel et al [2, 3]. This model [2] is altered to allow simulations for
Ammonium-Nitrate-based emulsion explosives as used in industrial applications.

The study focuses on the comparison of the detonation kinetics in a representative
set of rate sticks below and above the critical diameter. The multi-dimensional un-
steady reactive multiphase flow model is solved in the presence of material interfaces.
The same set of equations is solved throughout the domain for pure materials and
material mixtures, which occur at interfaces and within the detonation reaction zone.

The multi-dimensional results are compared to those obtained with the non-
equilibrium ZND model of Petitpas et al. [2] with embedded front curvature effects.
The complete non-equilibrium ZND system can be regarded as an extension of the
classical quasi-one dimensional Wood-Kirkwood front curvature model.
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compressible two phase flow problems. J. Comput. Phys. 202(2), 664–698, 2005.

1University of Cambridge, Cavendish Laboratory, Laboratory for Scientific
Computing, JJ Thomson Avenue, Cambridge CB3 0HE, UK

2SMASH Project, UMR CNRS 6595 IUSTI, Polytech Marseille, Aix-Marseille
University, 5 rue E. Fermi, 13453 Marseille Cedex 13, France
Richard.Saurel@polytech.univ-mrs.fr

148



Numerical Methods for Hyperbolic Equations: Theory an Applications. An international

conference to honour Professor E.F. Toro

University of Santiago de Compostela, 4-8 july 2011, Spain

A Flux Vector Splitting Scheme for the Euler
Equations

M. E. Vázquez-Cendón1 E.F. Toro2

Keywords: Flux Vector Splitting, Euler Equations, Liou-Steffen scheme

Abstract This paper is concerned with a flux vector splitting scheme for the com-
pressible Euler equations of gas dynamics. The scheme follows the framework set out
by Liou and Steffen [1] in which the physical flux function is split into an advective
part and a pressure part. The Liou-Steffen scheme is distinct from other flux vector
splitting schemes in that the contact discontinuity is accounted for. This is a very
important property of a numerical scheme, which results in a substantial reduction of
numerical viscosity for intermediate characteristic fields. For a review of flux vector
splitting schemes see chapter 8 of [2].

In this paper we propose a new way of splitting the flux. First, in the pressure flux
component we include all pressure terms from the flux function, from the momentum
and total energy equations. Then we consider a resulting hyperbolic subsystem whose
Riemann problem solution provides the numerical flux component form the pressure
flux. The resulting scheme retains the contact-capturing properties of the Liou-Steffen
scheme but turns out to be more accurate and significantly more robust. We have
tested the scheme for a whole suite of very severe test problems proposed in [2], with
very satisfactory results. Sample applications are shown an extension of the approach
to gas dynamics with general equation of state is discussed.

Keywords: flux vector splitting, compressible Euler equations
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Abstract Traditionally, two families of finite volume schemes have been developed
to compute both compressible and incompressible flows. Thus, density-based solvers
are used for the computation of flows when compressibility effects are important
(mainly transonic, supersonic and hypersonic flows), whereas pressure-based solvers
are designed to compute incompressible flows. However, it is preferable the develop-
ment of solvers useful for all the regimes of a flow, this is not only for user’s conve-
nience, but also because the importance of flows where low and high Mach regions
are present (for example flow past an aerodynamic profile at high angle of attack), or
when compressibility effects are important, even in low Mach number flows. Thus,
the modification of density or pressure-based solvers to compute all-speed flows is a
current active area of research.

Godunov-like schemes are among the most widely used methods for CFD. When
Godunov schemes are used in a density-based solver for low-Mach number compu-
tations, it is needed a central discretization for the pressure in order to obtain the
adequate scaling of pressure with the square of the Mach number. However, the most
widely used numerical schemes lead many times to non-physical solutions. Moreover
many of the pressure discretization techniques used by the schemes developed for low
Mach number, allow the existence of four-field solutions for the pressure (checker-
board) . In this work we present a modification in the pressure discretization of
low-Mach numerical schemes. We propose using Moving-Least Squares (MLS) ap-
proximations to the discretization of the pressure flux in the numerical schemes de-
veloped for low-Mach number flows. This simple modification avoids all the problems
related with checkerboard and it obtains a very accurate representation of the pressure
field. The centered character of MLS approximations assures the correct scaling of
the pressure with the square of the Mach number [1, 2, 3]. The high-order is achieved
using MLS for the computation of the derivatives in the reconstruction step of a finite
volume scheme [4]. We present here the results of the application of the proposed
pressure flux discretization to the AUSM-family schemes (in particular we test the
cases of the AUSM+-up [5] and SLAU [6] schemes).
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Figure 1: Pressure isolines for the M = 10−2 flow in an unbouded 2D channel with a
bump using the SLAU scheme (right) and using the SLAU scheme with MLS pressure
flux computation (left).

Figure 2: Pressure isolines for the M = 10−2 flow in an unbouded 2D channel with
a bump using the AUSM+-up scheme (right) and using the AUSM+-up scheme with
MLS pressure flux computation (left).
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Abstract Due to computational issues associated with the free surface Navier-
Stokes or Euler equations, the simulations of geophysical flows are often carried out
with shallow water type models of reduced complexity. Thus the hydrostatic assump-
tion for shallow water flows leads to non-linear hyperbolic systems of Saint-Venant
type [1]. For these vertically averaged models, efficient and robust numerical tech-
niques [2, 3] are available and avoid to deal with moving meshes.

Here, we are interested in flows where the horizontal velocity can hardly be ap-
proximated – as in the Saint-Venant system – by a vertically constant velocity (large
bottom friction, significant water depth, wind effects,. . . ). We are also interested in
lakes and estuarine waters, which typically exhibit a significant density stratification
related to vertical variations of temperature and chemical composition. In these water
bodies effects related to small density gradients may strongly affect the hydrodynam-
ics. Density stratification processes are therefore often important in environmental
flows.

To model and simulate such complex flows, multilayer Saint-Venant models are of-
ten used but the proposed models do not allow mass exchanges between neighborhing
layers and make a close relation to models for non-miscible fluids (see [4, 5] and the
references therein). Here, we derive another and simpler multilayer model where we
prescribe the vertical discretization of the layers taking into account the (unknown)
total height of water. In our approach [6, 7] the layer partition is merely a discretiza-
tion artefact, and it is not physical. Therefore, the internal layer boundaries do not
necessarily correspond to isopycnic surfaces. A critical distinguishing feature of our
model is that it allows fluid circulation between layers. This changes dramatically the
properties of the model and its ability to describe flow configurations that are crucial
for the foreseen applications, such as recirculation zones.

The numerical solution of the multilayer system we propose is based on a ki-
netic interpretation of the model and uses a finite volume kinetic scheme with an
extended hydrostatic reconstruction technique [8]. In contrast with Navier–Stokes
solvers, our discretization technique allows easily satisfying properties such as con-
servation, positivity, well-balancing of source terms (cf. [2]), and handling robustly
wet/dry interfaces over variable bottom topography.
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The presentation is organized as follows. We start giving the cornerstones of the
derivation of the multilayer model starting from the Navier-Stokes system. Then
we propose a numerical scheme for the solution of the obtained model. A special
emphasis is placed on the discretization of the source terms. Finally, some numerical
experiments in 3d including comparisons with analytical solutions and confrontations
with experimental data are presented.
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M.E. Vázquez-Cendón. Numerical simulation of two-layer shallow water flows
through channels with irregular geometry. J. Comput. Phys., 195(1):202–235,
2004.

[6] E. Audusse, M.-O. Bristeau, B. Perthame, and J. Sainte-Marie. A multilayer
Saint-Venant system with mass exchanges for Shallow Water flows. Derivation
and numerical validation. ESAIM: M2AN, 45:169–200, 2011.

[7] E. Audusse, M.-O. Bristeau, M. Pelanti, and J. Sainte-Marie. Approximation of
the hydrostatic Navier-Stokes system for density stratified flows by a multilayer
model. Kinetic interpretation and numerical validation. Accepted for publication
in J. Comp. Phys., doi: 10.1016/j.jcp.2011.01.042, 2011.

[8] E. Audusse, F. Bouchut, M.-O. Bristeau, R. Klein, and B. Perthame. A fast and
stable well-balanced scheme with hydrostatic reconstruction for Shallow Water
flows. SIAM J. Sci. Comput., 25(6):2050–2065, 2004.
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Abstract Complex flows around in-stream structures or curved channels exhibit
three dimensional features that 2-D or 1-D models cannot realistically represent. Flow
in meandering or curved channels is characterized by circulation cells generated by
centrifugal forces around the meander bend that move in opposite directions from one
meander apex to the next. This results in a highly complex configuration, even for
shallow flows.

In this work, a 3-D layer-structured finite volume model for free surface flows was
applied to both a 270 bend curved channel and a meandering channel. There is in
both cases a strong separation between horizontal and vertical scales, exhibiting a
shallow flow behavior. 3-D unsteady momentum and mass conservation equations
were solved using a Finite Volume code developed by the authors [1]. 3-D grid is
collocated in the vertical coordinate adding several horizontal layers to a 2D horizontal
unstructured mesh. More than 20 horizontal layers were calculated in simulations to
get a good resolution of the shear stress at the bottom. 3-D Reynolds Averaged
Navier-Stokes (non-hydrostatic) equations were solved, although the convenience of
a shallow waters assumption will be discussed. K-eps and mixing length models of
turbulence are included in the equations.

The model was tested in some study cases which exhibit important 3-D flow be-
havior. Results in the curved channel with a 270 bend and the meandering channel
mentioned above were used to validate model’s accuracy in complex flows. Com-
parisons with numerical and detailed experimental results were made. In both cases
vertical profiles and cross sections of velocities were validated with other numerical
and experimental results taken from the literature. Good agreement was found be-
tween numerical velocities and measured ones. Longitudinal velocities’ distributions
were accurately predicted, and have probed to be very influenced by the bed bound-
ary condition imposed. Also transversal velocities and secondary flows patterns were
simulated. Influence of turbulence modelling and bed friction is determinant for a
good description of them. In steady state, simulations have revealed little dynamic
pressure distributions, so that a shallow waters assumption would be suitable.
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Abstract In recent years two-dimensional shallow water models have started to
be used flood inundation in urbanized areas. There are two possible ways in two-
dimensional shallow water urban flood models to consider the effects of urban areas:
including the exact geometry of the buildings (resolved approach) or considering only
the macro-structure of the urban area (porosity approach) [2]. The resolved approach
needs a more detailed geometry resolution and therefore, it provides a more detailed
definition of the flow field. Hence the resolved approach requires a rather fine mesh in
the proximities of the urban area. On the other hand, the porosity approach accounts
in a macroscopic manner for the effects of urbanized areas, including an effective
porosity parameter in the equations, as well as an additional source term which ac-
counts for the additional drag and head losses generated in the urban region [1]. In
the simulations presented in this paper rainfall-runoff in an urban area is computed
with a 2D shallow water model using both, the resolved and the porosity approaches.
In order to validate the numerical results and calibrate the head loss coefficient for
different geometries, several experiments have been modelled with different urban
configurations.

With a proper calibration of the drag coefficient, the porosity model is able to
reproduce the average characteristics of the flow field outside and around the urban
area, at a much lower computational cost than the classical shallow-water equations
solved on a refined mesh. Obviously, the small-scale flow details inside the urban
region are not reproduced by the porosity model, but the global velocity and water
depth fields are very well represented. The numerical results were also compared
with experimental data, obtaining encouraging results. It has been also compared
the computational time and numerical stability of each approach. After applying the
technique to scale models, its applicability to real scales should be investigated.
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Abstract Many authors solve shallow water equations by using Weighted Essen-
tially Non-Oscillatory (WENO) schemes. Flow simulations over computational do-
mains characterized by a complex boundary can be performed by numerical inte-
grations of the contravariant form of motion equations on a generalized curvilinear
boundary conforming grid.

In numerical solutions of motion equations in contravariant formulation, two con-
tradictions appear. The first contradiction is related to the presence of Christoffel
symbols in motion equations. It is well known that numerical methods for the so-
lution of the conservation laws in which the convective terms are expressed in non-
conservative form do not guarantee the convergence to weak solutions. Consequently
in the integrations of the conservation laws in whose solutions shocks are present,
convective terms must be expressed in conservative form. In the contravariant for-
mulation of motion equations, covariant derivatives give rise to Christoffel symbols.
These terms are extra source terms. They come in with the variability of base vectors
and do not permit the definition of convective terms in a conservation form. The
second contradiction is related to the difficulty of exactly numerically satisfying the
metric identities and preserve the freestream conditions. A well known geometric
identity is given by the condition that a cell is closed. In a curvilinear system of
reference the summentioned condition becomes the metric identity. If numerical ap-
proximations of the metric coefficients do not exactly satisfy the above mentioned
identities, the numerical approximations of derivatives of uniform physical quantities
do not vanish and freestream conditions are not preserved.

The original contribution of this work is the definition of a new Upwind WENO
scheme for the solution of the 2D shallow water equations expressed directly in con-
travariant formulation. An element of novelty presented in this paper regards the
definition of a formal integral expression of the shallow water equations in contravari-
ant formulation. The depth-integrated motion equations (in contravariant form) are
integrated on an arbitrary surface and are resolved in the direction identified by a
constant parallel field of unit vectors. In this way we present an integral form of the
contravariant shallow-water equations in which Christoffel symbols are avoided. In
order to correct the effects produced by the spurious source terms related to the dif-
ficulties of satisfying numerically the metric identities and in order to guarantee the
satisfaction of the freestream preservation condition we propose an original procedure.
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We define the water depth as h and the depth averaged velocity vector as u⃗, whose
components are defined in the Cartesian system of reference. Let be v⃗ = u⃗h. In order
to introduce the notation to be used, we consider a transformation xl = xl(ξ1, ξ2) from

the Cartesian coordinates x⃗ to the curvilinear coordinates ξ⃗ (note that superscripts
indicate components and not powers in the present notation). Let g⃗(l) = ∂x⃗/∂ξl be

the covariant base vectors and g⃗(l) = grad(ξl) the contravariant base vectors. Let rl

be the contravariant components in the curvilinear coordinate system of the vector
v⃗. The integral form of the depth-integrated continuity equation is:

∫

∆A

∂h

∂t
dA+

∫

L

rmnmdL = 0 , (1)

where ∆A is an arbitrary surface element whose contour line is L, and nm is the
covariant outward normal. The integral form of the depth-integrated momentum
equation is:

∫

∆A

⃗̆g(l) · g⃗(k)
∂rk

∂t
dA+

∫

L

⃗̆g(l) · g⃗(k)
(
rkrm

h
+ gmk h

2

2

)
nmdL =

∫

∆A

⃗̆g(l) · g⃗(k)
(
Ghgmk ∂H

∂ξm
+Rk

)
dA , (2)

where Rk = G(rk|r⃗|)/(χ2h2) is the bed resistance term, χ = (1/M)h1/6 is the friction
coefficient, M is the Manning friction factor, G is the constant of gravity, H is the
bed height and ⃗̆g(l) indicates the lth contravariant base vector defined at the center of
the surface element. Equations (1) and (2) represent the integral expressions of the
shallow water equations in contravariant formulation, in which Christoffel symbols
are not present.

The numerical integration of Equations (1) and (2) is performed by an Upwind
WENO scheme. The Upwind WENO scheme needs a flux calculation at the cell in-
terfaces. These fluxes are calculated by means of the solution of a Riemann problem.
An Exact Riemann Solver is used in this framework. All necessary Riemann problems
are solved in a locally valid orthonormal basis. This orthonormalization allows one
to solve Cartesian Riemann problems that are devoid of geometric terms. The model
is validated against several benchmark tests, and the results are compared with theo-
retical and alternative numerical solutions. The results of these tests show that: the
proposed scheme is fifth-order accurate in space and fourth-order accurate in time;
the exact C-property for quiescient flow over non-flat bottom profiles is achieved; the
original procedure proposed in order to correct the effects produced by the spurious
source terms related to the difficulties of satisfying numerically the metric identities,
allows to satisfy the freestream preservation property even in highly distorted meshes.
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Assuming two superposed immiscible layers of shallow water fluids, the fluid me-
chanical behaviour of near-horizontal flows with a pronounced two-layer vertical struc-
ture can be resolved at reasonable computational cost for practical engineering pur-
poses. Examples of two-layer flow phenomena include fresh water intruding upon
denser sea water, mud flow or debris flow beneath water. Two-layer flow model can
also be used to study circulation in a stratified ocean or lake, including the behaviour
of internal waves or solitons. The two-layer shallow water system takes the form of a
general non-homogeneous non-conservative hyperbolic system (see e.g. [1]). We ex-
tend the entropy-correction-free solver of [2, 3] for two-dimensional application using
a dynamically adaptive quadtree grid. the scheme is asymptotically well-balanced
and satisfies the C-property such that smooth steady solutions are up to second order
accurate. Full details of the solver and the adaptive grid system can be found in [4].

We examine the dynamics of tidal effects on the behaviour of a two-layer flow
in a 2D channel. Consider a channel (x ∈ [−10, 10]) with a hump at x = 0 and a
constriction at x = 1. A lock exchange experiment is first conducted for two fluids
with densities ratio r = 0.98 from water at rest. The presumed vertical barrier
located at the hump is instantaneously removed at t = 0. The model is integrated
until steady state is reached using exchange flow boundary conditions. Figure 1 shows
the evolution of the interface and the grid during the initial transient.

Using the steady state solutions above as the initial conditions, we proceed to
apply tidal forcing at the downstream open boundary while maintaining exchange
flow boundary condition at the upstream end. Using horizontal and vertical scale of
Lh=1 : 1000 and Lv=1 : 10 respectively, the problem thus represents a 20 km long
channel with a minimum and maximum width of 2.5 km and 3.7 km respectively, and
a hump of height 12 m. The quiescent water depth is 20 m. We consider an S2 tide
(T = 60 min) with a tidal range of 2 m where the equivalent tidal period in the model
is 136.6. At the boundaries, the depth and velocities of both layers are determined
using Riemann invariants specified according to the internal Froude number.

Simulation results show that when the downstream elevations are rising (t/T =
0.5), strong currents flow into the basin in both the layers and the flow approaches
critical condition. On the other hand, when the downstream elevations are reducing
(t/T = 1.0), the current is reversed with net flow out of the basin. The flow reaches
supercritical condition resulting in a weak internal jump.
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Figure 1: Lock exchange in a narrow channel with a hump and a constriction: Plots
showing evolution of interface with reference to the bed (left column) and grid adap-
tation (right column) at times (i-v) t = 0, 5, 10, 15, 30.
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Abstract We study the numerical approximation of the two-dimensional morpho-
dynamic model governed by the shallow water and Exner equations for simulating the
bed evolution in gravel bed rivers. We adopt a coupled strategy solution that relies on
a full coupling of the governing equations within each time step. The resulting system
of governing equations contains nonconservative products. The numerical solution is
obtained using a new first order accurate centered scheme of the finite volume type on
unstructured meshes, which is an extension of the one-dimensional UFORCE scheme
recently proposed in [1]. The resulting first-order accurate centered method is then
extended to second order using a TVD approach.
The model is applied to well established steady solutions in order to verify the well-
balanced properties. Then, it is applied to test cases with exact solutions.
A key aspect of this analysis relies on demonstrating the capability of the proposed
model in capturing 2D morphodynamics features that arise in a real river context. In
particular, we investigate the ability of the model in predicting free bars formations
and upstream overdeepening influence comparing numerical solutions with findings
from analytical theories. Finally, we investigate the ability of the model in describing
the river bifurcations stability. In this case we compare numerical results with those
obtained analytically and experimentally.
An attractive future of the proposed method is that it is particularly suitable for engi-
neering applications since it allows practitioners to adopt the most suitable sediment
transport formula which better fits the field data.
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Abstract The mathematical model for the dynamics of the hepatitis C proposed in
Avendaño et al. (2002), with four populations (healthy and unhealthy hepatocytes,
the viral load of the hepatitis C virus, and T killer cells), is revised. Showing that
the reduced model obtained by considering only the first three of these populations,
known as basic model, has two possible equilibrium states: the uninfected one where
viruses are not present in the individual, and the endemic one where viruses and in-
fected cells are present. A threshold parameter (the basic reproductive virus number)
is introduced, and in terms of it, the global stability of both two possible equilibrium
states is established. Other central result consists in showing, by model numerical
simulations, the feasibility of monitoring liver damage caused by HCV, avoiding un-
necessary biopsies and the undesirable related inconveniences/imponderables to the
patient; another result gives a mathematical modelling basis to recently developed
techniques for the disease assessment based essentially on viral load measurements.
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Universidad Juárez Autónoma de Tabasco
Km. 1.5, Carretera Cunduacán–Jalpa de Méndez, Cunduacán 86690,
Tabasco, México
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Abstract Shallow water equations are widely used to model flows in rivers and
coastal areas. For practical applications the inclusion of a non-flat bottom topogra-
phy is required. For example, in order to study the river morphodynamic evolution
it becomes necessary to develop numerical models that simulate the fluid flow over
a movable bed. Much effort is devoted to design high-accuracy schemes to reduce
the number of computational cells and minimize the computational time [2]. Upwind
schemes have a characteristic-wise structure that allows to obtain a better resolu-
tion of shocks. However, they require the calculation of flows in the boundary of
the cells in which the solution is integrated. Central schemes avoid this problem so
the discontinuities in the pointwise solution, produced by the reconstruction algo-
rithm, are located at the center of the staggered control volumes, allowing a simpler
reconstruction of the numerical fluxes.

Balaguer-Beser [1] presents a new point value reconstruction algorithm based on
average values or flux values for central RungeKutta schemes in the resolution of
hyperbolic conservation laws. This reconstruction employs a fourth-order accurate
approximation of point values of the solution at the two extrema and at the mid-point
of each cell which are modified in order to enforce monotonicity and shape preserv-
ing properties. In this paper, we are concerned with the construction of high-order
well-balanced non-oscillatory central finite volume schemes for solving the sediment
transport equations. We present an extension of the central non-oscillatory Runge-
Kutta scheme given in [1] to solve the shallow water equations over a movable non-flat
bed described in [2].

Thus, time integration is computed following a central Runge-Kutta scheme. Spa-
tial accuracy is obtained in each cell with the three-degree reconstruction polynomials
of [1], keeping the local monotonicity of the interpolation data. We have defined a
new treatment for bed slope source term which maintains the established order of ac-
curacy and satisfies the exact conservation property (C-property). In order to do this,
we have used the procedure described in Gascón and Corberán [3]. These authors
propose to write the source term in divergence form so that it can be incorporated into

†Financial support: Universidad Politécnica de Valencia (PAID-06-10) and Ministerio de ciencia e
innovación de España (Projects CGL2009-14220-C02-01, CGL2010-19591/BTE and DPI2010-20333).
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the flux vector of the central finite volume scheme. Several standard one-dimensional
test cases are used to verify the behaviour of our scheme and its non-oscillatory prop-
erties. We have compared our results with the ones obtained by using the source term
treatment described in Caleffi et al. [2].
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M.Cobas-Garćıa1 E.Vázquez-Cendón2 A. Gómez-Tato1 B.
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Abstract Many uncertainties are present in the application of numerical models
to real-life problems: numerical uncertainties (for instance, the numerical methods
involved), or physical uncertainties (e.g. bottom drag, or the parametrization of some
sub-scale phenomena, like turbulence, etc.), among others. As a consequence of these
uncertainties, models initialized with accurate initial conditions will eventually drift
away from reality at some point.

This is actually the case for models that simulate the motion of earth fluids,
like the Regional Ocean Model System (ROMS). The ROMS model is a state-of-
the-art, three dimensional, free-surface ocean model, that solves the Naver-Stokes

equations, combined with the conservation of mass, a state equation and boundary
and initial conditions. A wide comunnity of users (www.myroms.org) is involved in
its development, and it is being used for a variety of studies, from ecosystem [1] to
circulation dynamics studies [2].

To prevent (or minimise) this drift, several data assimilation algorithms are used
to merge the model results with observations. The ROMS model incorporates the
4DVAR data assimilation algorithm, that consists in the optimization of a quadratic
function along multiple dimensions, to find the initial state that minimises the distance
to the observations, taking into account the spatial correlation scales (scs) of the
variables being corrected. This algorithm will be used within the framework of the
OCEANO project, as part of an operational run of the model.

We present in this contribution promising preliminary results of the application
of the method. Several experiments were carried out as follows: Firsty, a ”reference”
simulation was run, from which we extracted initial conditions (i.c.) to feed the model,
and some data that will play the role of observations to be assimilated. This way,
the evolution of these i.c. would match exactly the observations extracted. Then,
the i.c. were perturbed in different ways, so that there would be a misfit between
the observations and the evolution of the perturbed i.c. Finally, the observations
were assimilated into the perturbed i.c., and new corrected i.c. were generated by
the algorithm. This way we can assess the resemblance of the corrected and the
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unperturbed initial conditions, or, in other words, we can compare the initial and
final perturbation fields, and therefore estimate the efficiency of the algorithm.

As the data usually available for operational assimilation consists mainly in satel-
lite data of both temperature (SST) and sea surface height (SSH) and, to a minor
extent, buoy and/or mooring stations data, the assimilation procedure tried to re-
semble this scenario, and therefore, data of SST, SSH and some salinity stations
were assimilated. The results so far show a diversity of degrees of correction of the
perturbed fields, with good average results. Owing to the high correlation between
temperature and salinity, it was found that although scarce salinity data were pro-
vided, the salinity correction was to a wide extent of the same order of magnitude as
the temperature correction. The 4DVAR algorithm needs to be tuned to the expected
spatial correlation scale (scs) of the perturbation, in order to optimize the corrections,
as can be seen in the following table. Initially, the scs was set to 0,58 degrees (lat/lon)
in the 4DVAR algorithm, and the initial conditions were perturbed with noises with
different scs. The percentage of the corrections decreases as the mismatch between
the noise and algorithm scs. increases. Finally, the 4DVAR algorithm was re-set for
the worse of the different scs (0,15 degrees, row 0.15rs in the table), and the average
correction ratios were recovered.

Perturb. scs Avg Temp. Perturb. Before Avg Temp. Perturb. After %Red.

1.00 0.243 0.114 0.53
0.58 0.168 0.085 0.50
0.30 0.169 0.085 0.50
0.15 0.126 0.083 0.44

0.15rs 0.126 0.063 0.50
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number 09MDS009CT.
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Abstract Blood flow in arbitrary vascular networks is modelled in order to explain
the behaviour of an arteriovenous malformation before and after treatment. Arteri-
ovenous malformations (AVMs) are anomalies of the vascular tissue, and consist of a
conglomerate of tortous and abnormal vessels that shunt blood from the arterial to
the venous system with a lack of intervening capillary bed. The deficient muscular
layer of the arteries and the high arterial and venous pressures make them susceptible
to hemorrhage. The treatment of an AVM includes surgical excision of the nidus

Figure 1: a. AVM image obtained through angiography showing the nidus, feeding
arteries and draining veins. b. Numerical simulation of the pressure pulse propagation
in a vessel. c. Computer reconstruction of an AVM medical image.

(whenever possible), embolization or radiotherapy. This last treatment is prescribed
in cases where a surgical intervention is not possible and its aim is to achieve a gradual
obliteration of the nidus while reducing the risk of rupture.

The aim of our work is to simulate the blood flow in an AVM under normal and
pathological conditions, including the effect of the different treatments (embolization,
partial occlusion of vessels and effect of radiotherapy) and predicting the risk of
hemorrhage.

We model the blood flow using a 1D model for pressure and flow wave propa-
gation in compliant vessels, that is able to capture the main features of pulse wave
propagation throughout the cerebral arteries [1]. The equations are a 2x2 hyperbolic
system of partial differential equations of conservations laws whose unknowns are the
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cross section area and flow. Area is related to pressure by a constitutive vessel law
which describes the fluid-wall interaction. The equations are solved numerically using
a variant of the Lax-Wendroff finite difference scheme.

In a subsequent extension of the project we plan to model the effects of radiother-
apy on the mechanical properties of the vascular tissue. Radiation is known to induce
a fibrosis but the modification of the properties as a function of time and dosis have
not been described quantitavely. Some experiments are under progress to complement
the model with experimental data.
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Abstract At the interface generated in the mixing of miscible fluids, instabilities
can displayed by the difference between the fluids densities and diffusion coefficients.
These instabilities generate characteristic patterns that affect the mass transport be-
tween the two species.

BZ reaction (Belousov-Zhabotinsky) is a chemical reaction where, due to the au-
tocatalysis of its intermediaries and the difference between diffusion coefficients of the
same, are generated chemical oscillations and waves that result in pattern formation
when the reaction is carried out in two-dimensional media.

The aim of this study is to analyze the influence of reaction diffusion on the insta-
bilities caused by the contact of two fluids of different density and diffusion coefficient.

The mathematical models involved in these phenomena are solved using numerical
methods such as finite differences or finite volumes.
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Abstract The two-dimensional shallow water equations (2D-SWE) form a hyper-
bolic system of non linear conservation laws. They are derived from the Navier-Stokes
equations through some simplifying hypothesis, the most important of which is the
hydrostatic pressure distribution [1]. This system describes the behaviour of incom-
pressible fluids when the ratio of the depth to the horizontal dimensions is small,
situation that can be found, for instance, in the flow in channels and rivers.

2D-SWE take into account the turbulence effects both through the frictional terms
and the second derivatives term. This last term may not be significant when we only
need an estimate of energy losses and 2D-SWE are frequently used without considering
it. However, in the simulation of flows in which recirculation zones play an important
role, the inclusion of this term may become critical.

To discretize the hydrodynamic equations, our first choice was to implement the
first order finite volume method proposed by Bermudez et al. [2], which assumes that
the variables values are constant at both sides of every cell edge and at every time
step. An important point in this method is to properly calculate the numerical flux
at the cell edges. The upwinding of the flux term has proved to be a useful stabilizing
technique, but it also produces a considerable amount of numerical diffusion. For this
reason we have developped a method second order accurate in space. It makes use of
the mean gradient of the variables in a cell, which is calculated from their values at
the cell edges, that in turn depend on the values at the adjacent cells. In this way,
to calculate the values at the edges of a cell, the considered cell and the ones that
surround it are involved.

To test this technique, the Cavity Flow problem has been solved in both homo-
geneous and non homogeneous meshes, the latter with a finer grid near the corners.
Calculations have been made for viscosity values corresponding to Reynolds numbers
up to 20000. The computational meshes have 81 x 81 nodes. In Figure 1 we represent
the resulting streamlines obtained with Reynolds numbers of 1000, 5000 and 10000
by using the second order method in a non homogeneous mesh.

In a subsequent stage, to deal with practical problems, we needed to calculate
the turbulent viscosity at every point, therefore a turbulence model was needed. To
this aim, the depth-averaged k − ε model, described in [3] was chosen for our work.
Calculations were made for a domain consisting in a channel that supplies water to
two shallow ponds. The obtained results by using both first and second order models
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were compared with experimental measurements, showing the dramatic improvement
achieved with the second order model.

In this work: 1) we describe the proposed second-order-in-space method; 2) we
show the results of using the model in the Cavity Flow problem, for uniform values
of the viscosity; 3) we apply the model to a real case, using the turbulent viscosity
values obtained from the k−ε model, and we compare the computational results with
experimental measurements.
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Figure 1: Streamlines (left to right): Re = 1000, 5000, 10000.
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Abstract The present research is concerned with the construction of upwind and
central high order numerical schemes for solving nonhomogeneous hyperbolic conser-
vation laws balancing source and flux terms.

In a previous work, Balaguer and Conde [1] describe a fourth-order non-oscillatory
scheme for solving hyperbolic conservation laws, which is based on a new reconstruc-
tion procedure that may be applied to upwind and central schemes. In this method,
point values of the solution are calculated from the cell averages by avoiding the in-
crease in the number of solution extrema at the interior of each cell. In order to do
this, once the cell-averages of the solution are known in cells Ij , a new three-degree
reconstruction polynomial is defined so that, in each cell Ij , it presents the same
shape as the cell averages at cells Ik, k ∈ {j− 1, j, j + 1}. A fourth-order scheme that
satisfies the total variation bounded (TVB) property is obtained by combining this
reconstruction with a nonoscillatory property and a maximum principle requirement.
Several standard one-dimensional test cases are used to verify the behaviour of this
scheme and its non-oscillatory properties. Extension to systems is carried out in the
central schemes by componentwise application of the scalar framework.

In [3] Gascón and Corberán describe a strategy which provides a suitable tech-
nique to extend well-known schemes for the homogeneous case to nonhomogeneous
conservation laws, guaranteeing the balance of the flux and source terms at steady
states of a natural way. The technique is based on the transformation of the nonho-
mogeneous problem to homogeneous form though the definition of a new flux formed
by the physical flux and the primitive of the source term. Additionally, this transfor-
mation allows us to include correctly the source terms as a divergence term providing
the balance between flux and source terms of a natural way. For this, the formulation
must be such that all the differences that appear in the schemes are expressed as flux-
differences including source terms and not as flow variable differences. This strategy

†Financial support: Universidad Politécnica de Valencia (PAID-06-10) and Spanish Ministery of
Science and Innovation (Projects CGL2009-14220-C02-01, CGL2010-19591/BTE and DPI2010-20333
).
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has been applied to extend the second-order non-oscilatory schemes of Harten [3] and
the flux limiters of Sweby to the nonhomogeneous case in [4] and [5]. In [2] Caselles et
al. extend the Marquina’s flux formula in upwind schemes to the shallow water system
with source terms coming from a non-flat topography, using the mentionated trans-
formation. Numerical results in the context of the quasi-one-dimensional flow and the
shallow water equations validate the capacity of the technique suggested to construct
schemes that capture non-homogeneous stationary solutions. In all the cases, the
source term has been discretized in an upwind manner similar to the numerical flux.

In this paper, we present a revision of the procedure described in [3] in order
to adapt it to obtain an extension of the numerical schemes developed in [1] for
nonhomogeneous hyperbolic conservation laws. We apply the schemes to solve the
shallow water system in some problems. We show that the proposed treatment for bed
slope source term maintains the established order of accuracy and satisfies the exact
conservation property (C-property). A comparison of numerical results obtained with
the adapted upwind schemes described in [3] and [5] and the extension to the central
fourth-order non-oscillatory scheme proposed in [1] will be presented.
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Abstract In living organisms, fingering structures are often observed in open sys-
tems such as growing bacterial colonies. Viscous fingering phenomenon classically
occurs when a less viscous fluid displaces a more viscous one in a porous media. We
investigate numerically how the instability can be triggered by a simple reaction-
diffusion flow. In order to perform our simulations we employed two solutions with
different viscosities reacting in the interface and generating a more viscous product.
The properties of the fingering pattern observed in the region where the less viscous
reactant pushes the more viscous product are studied as a function of the relevant
parameters of the problem.
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Abstract One of the simplest model problems in the kinetic theory of plasma–
physics is the Vlasov-Poisson (VP) system with periodic boundary conditions. Such
system describes the evolution of a plasma of charged particles (electrons and ions)
under the effects of the transport and self-consistent electric field Φx. Denoting by f
the distribution of particles, the Vlasov-Poisson system reads:

∂f
∂t

+ v ∂f
∂x
− Φx

∂f
∂v

= 0 (x, v, t) ∈ Ωx × R× [0,∞)

−Φxx = ρ(x, t)− 1 (x, t) ∈ Ωx × [0,∞)

We consider a family of semi-discrete numerical schemes for the approximation of
the Vlasov-Poisson system. The methods are based on the coupling of discontinu-
ous Galerkin (DG) approximation to the Vlasov equation and several finite element
(conforming, non-conforming and mixed) approximations for the Poisson problem.
We investigate the numerical performance of all the schemes in challenging questions
such as the Landau damping and two stream instability. We study and validate the
conservation of physical properties such as Lp-norms, mass and total energy.
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soheil.hajian@mathmods.eu

182



183



C U R S O S E C O N G R E S O SC U R S O S E C O N G R E S O S

Nº 2 0 2

AN INTERNATIONAL CONFERENCE

TO HONOUR

PROFESSOR E. F. TORO

BOOK OF ABSTRACTS

Santiago de Compostela 
July, 4th-8th, 2011

Numerical Methods
for Hyperbolic
Equations

Theory and Applications

EDITED BY

A. Bermúdez
L. Cea
E. Vázquez-Cendón

202

Pe
n
sa

r
h
is

tó
ri

ca
m

en
te

en
ti

em
p
o
s

d
e

g
lo

b
al

iz
ac

ió
n

This volume contains the abstracts of the papers presented at the International
Conference on Numerical Methods for Hyperbolic Equations: Theory and
Applications held in the Faculty of Mathematics of the University of Santiago de
Compostela, Spain, from 4th to 8th July 2011. The conference was organized to
honour Professor Toro in the month of his 65th birthday. We think that all 
contributions are a valuable state of the art of the most recent research in the
topic of numerical methods for hyperbolic equations providing the reader with
the latest developments concerning the mathematical aspects and the applica-
tions of this active field of mathematics.

Universidade
de Santiago

de Compostela

publicacións

CURSOS E
CONGRESOS

184


	Numerical Methodsfor HyperbolicEquationsTheory and Applications
	Contents
	Foreword
	Scientific Committee
	On the design of conservative, accurate and symmetrical cell-centered Lagrangian schemes in 2D cylindrical coordinates for compressible fluid flows.Juan Cheng
	New Trends in Hyperbolic Problems in the Industry.Fréderic Coquel
	Mathematical Theories of existence for 3D conservation laws and the nature of convergence in the large eddy simulation regime.James Glimm
	Numerical Relativistic Magnetohydrodynamics in Dynamical Spacetimes.José Mª Ibáñez
	Undercompressible shocks and moving phase boundaries.Philippe LeFloch
	The initiation of detonations in reactive gases.A. Liñán
	Mathematical models for the cardiovascular system:analysis, numerical simulation, applications.Alfio Quarteroni
	Shock-capturing,past and future.P. Roe
	The Riemann problem in computational science.E.F. Toro1
	Maximum-principle-satisfying and positivity-preserving high order discontinuous Galerkin and finite volume schemes for conservation laws.Chi-Wang Shu
	Path-Conservative Schemes for Hyperbolic Source Term Problems.M.L. Muñóz-Ruiz-C. Parés
	Entropy conservative and entropy stable schemes for nonconservative systems.Ulrik Skre Fjordholm
	A Runge-Kutta based Discontinuous Galerkin Method with Time Accurate Local Time Stepping.Claus-Dieter Munz, Florian Hindenlang, Gregor Gassner
	An efficient ADER scheme.Jumbo Cheng,Weijun Tang,Ming Yu
	A Unified Approach for High Order Finite–Volumeand Discontinuous Galerkin Schemes for PDE with Stiff Source Terms.M. Dumbser
	Accuracy enhancement of discontinuous Galerkin methods for stiff source termsJ.K. Ryan, L. Ji and Y. Xu
	Novel shock-capturing schemes for Discontinuous Galerkin methods.E.Casoni, J.Peraire, A.Huerta
	Numerical Solution of Viscous and Thermally Conductive Gaseous Flows Via Hyperbolic Maximum Entropy Moment Closures.C. P. T. Groth
	A fully adaptive numerical approximation for a two-dimensional epidemic model with nonlinear cross-difusion.Stefan Berres and Ricardo Ruiz-Baier
	Modeling and simulation of  the hydrodynamics-biology coupling in a raceway.A.-C. Boulanger, J. Sainte-Marie
	A simple model of filtration and macromolecule transport through microvascular walls.L. Facchini, A. Bellin, E.F. Toro
	Assessment of numerical methods for blood flow in veins.G. Montecinos, L. O. MŁuller, E. F. Toro
	Reduced models for the Fluid-Structure Interaction problem.C. Vergara
	Dynamics of submerged gravitational granular flows.A. Armanini, M. Dumbser, E. Nucci
	Finite Volume Method for Three-Dimensional Particle-Laden Free-Surface Flow.Patricio Bohorquez
	Numerical simulation of a bubble rising in still liquids: determination of the instability transitionmodes.J. C. Cano-Lozano, P. Bohorquez, C. Martínez-Bazán
	Numerical simulation of three-dimensional transien tvariably saturated flow.D. Caviedes-Voulliéme, J. Murillo, P. García-Navarro
	An all-speed asymptotic preserving scheme for the low Mach number limit of the Euler equations.F. Cordier, P. Degond, A. Kumbaro
	A New Scheme for Non-Classical Waves with TVB Proof for Scalar 1D-Case.P. Engel, C. Chalons and C. Rohde
	Modelling Microbial Chemotactic Waves in Saturated Porous Media using Adaptive Mesh Refinement.S.A.E.G.Falle, N.F.Dudley-Ward, M.S.Olson
	Numerical simulation of  transport equations in Liquid Composite Molding Processes.J.A. García , Ll. Gascón , F. Chinesta
	Mathematical modeling of heat transfer during quenching process.D.N. Passarella, F. Varas, E.B. Martín
	Conservative formulation for compressible fluid flow through elastic porous media.E. Romenski
	On the coupling of compressible and incompressible fluids.V. Schleper
	Numerical methods for the hyperbolic evolution equations in the Fully Constrained Formalism of Einstein equations.I. Cordero-Carrión, P. Cerdá-Durán, J.M. Ibáñez
	SPH versus AMRS. A. E. G. Falle
	An Approximate Harten-Lax-van Leer Riemann Solver for Relativistic Magnetohydrodynamics.A. Mignone
	MUSTA schemes in magnetohydrodynamics and neutrino transfer: application to core-collapse supernovae and gamma-ray bursts.M. Obergaulinger
	MHD-kinetic Modeling of Partially Ionized Plasma Flows: Solar Wind Interaction with the Interstellar MediumN. V. Pogorelov, J. Heerikhuisen,S. N. Borovikov, I. A. Kryukov1G. P. Zank
	ON THE RIEMANN PROBLEM INRELATIVISTIC HD AND MHD.L. Rezzolla
	Asymptotic behaviour of godunov-type numerical models with mobile bed with adaptation term.L. Begnudelli, G. Rosatti, D. Zugliani
	Finite volume discretisation of depth averaged scalar transport equations coupled to shallow water models.L. Cea, M.E. Vazquez-Cendon
	A finite volume/duality method for Bingham viscoplastic flow.J.M. Gallardo, E.D. Fernández-Nieto, P. Vigneaux
	A numerical model for global climate: effect of the latent heat of fusion.A. Hidalgo
	Residual Distribution for Shallow Water Flows.M.E. Hubbard
	Modelling of Flood Problems based on a Two-Dimensional Well-Balanced Wave Propagation Algorithm with Bed Efflux /Influx Source Terms Including a Coupled Pipe Network Solver.H. Mahdizadeh, P.K. Stansby, B.D. Rogers
	A Large Time Step Upwind Scheme for the Shallow Water Equations with source terms.M. Morales-Hernández, J. Murillo P. Garcíaa-Navarro, J. Burguete
	Augmented Roe’s approaches for Riemann problems including source terms: definition of stability region with application to the shallow water equations with rigid and deformable bed.Javier Murillo, P. García-Navarro
	Balancing source terms revisited in depth-averaged Smoothed Particle Hydrodynamics (SPH).R. Vacondio, B.D. Rogers,P.K. Stansby, P. Mignosa
	Flooding simulations with subgrids.V. Casulli, G.S. Stelling
	Dynamics of gravitational instabilities on Earth and on Mars.Anne Mangeney,Antoine Lucas, Pascal Favreau, Lev Tsimring, François Bouchut
	Two-phase models for debris flows.F. Bouchut, E.D. Fernández-Nieto, A. Mangeney, G. Narbona-Reina
	Meshless methods for lava flow modeling and simulation.G. Bilotta, G. Russo, A. Hérault, C. Del Negro, A. Vicari
	Finite volume schemes for balance laws on time-dependent surfaces.J. Giesselmann
	Finite volume schemes for nonlinear dispersive wave equations.D. Dutykh, Th. Katsaounis2,D. Mitsotakis
	Tsunami modelling using high order finite volume schemes on GPUs.M.J. Castro, M. de la Asunción, E.D. Fernández-Nieto,J.M.Gonzáldez-Vida, J.Macías, J.M. Mantas, T. Morales, S. Ortega, C.Parés
	On multilayer shallow water systems.T. Chacón Rebollo, E.D. Fernández-Nieto and E.H. Koné
	Comparison among different high order time integration methods useful for explicit schemes.J. Burguete, P. García-Navarro, B. Latorre
	High resolution schemes: TVD region its dependence on smoothness parameter.Ritesh Kumar Dubey
	A numerical treatment of wet/dry zones in Well-Balanced Hybrid Schemes for Shallow Water Flow.R. Donat, A. Martinez-Gavara
	On the Analysis of a Solver for Generalized Riemann Problems by Asymptotic Expansion.C.R. Goetz
	CFL-Number-dependent TVD-Limiters.Friedemann Kemm
	Arbitrary High Order Schemes for Transport Problems.B. Latorre, P. García-Navarro
	An Five-Equation Model Based ALE Method for Compressible Multifluid Fluids.Baolin Tian, Jin Qi and Shuanghu Wang
	Efficient deterministic modelling of three-dimensional rarefied gas flows.V.A. Titarev
	High order stochastic finite volume methods for the numerical solution of hyperbolic equations with random initial data.S.A. Tokareva, S. Mishra, C. Schwab
	Discontinuous-in-space explicit Runge-Kuttaresidual distribution schemes for time-dependent problems.A. Warzy nski, M. E. Hubbard, M. Ricchiuto
	Numerical simulation of a pulverized coal jet.A. Bermúdez, J.L. Ferrín, A. Liñán, L. Saavedra
	Chapman-Jouguet conditions with temperature and velocity disequilibrium.Richard Saurel, Stefan Schoch, Nikolaos Nikiforakis
	Multi-phase simulation of Ammonium Nitrate Emulsion Detonations.Stefan Schoch, Nikolaos Nikiforakis and Richard Saurel
	A Flux Vector Splitting Scheme for the Euler Equations.M. E. Vázquez-Cendón, E.F. Toro
	On the use of Moving Least Squares for pressure discretization in low Mach number flows.X. Nogueira, S. Khelladi, I. Colominas, F. Bakir
	Approximation of the Navier-Stokes system by multilayer models.E. Audusse, M.-O. Bristeau, M. Pelanti, J. Sainte-Marie
	Modeling of 3D phenomena in curved channels.Suitability of a 3D shallow waters approximation.B. Fraga, L. Cea, E. Peña
	Porosity versus resolved approach in 2D shallow water models. Experimental validation.M. Garrido , L. Cea , J. Puertas and M.E. Vázquez-Cendón
	A WENO scheme for the integral form of contravariant shallow water equations.F. Gallerano, G. Cannata, M. Tamburrino
	A two-layer tidal-exchange flow.W-K. Lee, A.G.L. Borthwick, P.H. Taylor
	Numerical modelling of two-dimensional morphodynamics in gravel bed rivers.A. Siviglia, G. Stecca, D. Vanzo, G. Zolezzi, M. Tubino
	Noninvasive Monitoring of Hepatic Damage from Hepatitis C Virus Infection.J. Alavez Ramírez
	Extension of fourth-order non-oscillatory central schemes to sediment transport equations.A. Balaguer-Beser, M.T. Capilla, Ll. Gascón
	First approach to the application of operational 4DVAR Data Assimilation to the Regional Ocean Model System.M.Cobas-García, E.Vázquez-Cendón, A. Gómez-Tato, B.Gómez-Hombre, J. Triñanes-Fernández, C. Cotelo-Queijo, P.Carracedo-García, P. Melo-Costa,M. Ruiz-Villarreal
	Vascular network hemodynamics: Application to the study of Arteriovenous Malformations.J.R. Duque, D. G Gómez-Ullate, M. A. Herrero, L. Núñez, P. Suárez
	Changes in buoyancy-driven instabilities by using a reaction-diffusion system.Darío Martín Escala, Jacobo Guiu-Souto, Jorge Carballido-Landeria,Alberto Pérez Muñuzuri , Elena Vázquez-Cendón
	A Mean Gradient Method to Solve Shallow Flows.J. Fe, F. Navarrina & L. Cueto-Felgueroso
	Upwind and central schemes for nonhomogeneous hyperbolic conservation laws recognizing stationary solutions,Ll. Gascón, A. Balaguer-Beser, M.T. Capilla
	Miscible Viscous Fingering on Reactive Interface.Jacobo Guiu-Souto, Daríıo Martín Escala, Jorge Carballido-Landeira,Alaberto Pérez Muñuzuri
	Discontinuous Galerkin Methods for Vlasov-Poisson system.S. Hajian




